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Cooperative Consensus Tracking of Heterogeneous Interdependent Group Systems

PEI Hui-Qin1, 2 CHEN Shi-Ming1 LAI Qiang1 CHEN Qian1

Abstract The consensus tracking problem is investigated for heterogeneous interdependent group systems with fixed

communication topologies. Firstly, an interdependent model of the heterogeneous system is built from the perspective of

individual characteristic difference and sub-group topology structure difference. A class of distributed consensus tracking

control protocols are proposed for realizing consensus tracking of heterogeneous interdependent group systems using local

information. Then, for fixed communication topologies, some corresponding sufficient conditions are given to ensure

the achievement of consensus tracking. Parameter Pr is defined to denote the proportion of interdependent individuals,

whose effect on the consensus tracking of group systems is analyzed. Numerical simulations are provided to illustrate the

effectiveness of the theoretical result.
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äk��k�ÿÀ��aÉ�+NXÚ�©Ùªg·AÑÑ��5��. Wen �[25] Ǒ
¢yÉ�+NXÚ�+��5, JÑ
�a©Ùª+��5ÆÆ, ¿�Ñ
�'½n�y²©Û. Zhou �[26] |^p�k��m��5ÆÆïÄ
É�+N���5. Feng�[27] ïÄ
k�Ï&ã¥, ���UNÚ���UN���5. Zhu �[28] JÑ
�«#L�ëY��5©Ùª��5ÆÆ^u¢yÉ�+NXÚ�k��m��5.lþã?Ø©Û��, 8�Ü©ïÄó�Ì�´�Ú/'5É�+NXÚ���5. É�+NXÚ��Jl�¡�ïÄó�ÿ����m, ù�¡�ïÄ¤J�é��. Rahimi �[10] ïÄ
d�<Å+Ú/¡�<�ý|¤�É�XÚ��Cè/��¯K, �O
�«ÄuoäÊìÅnØ�©Ùª��ì, °Ä+N¢y·P�Ó��±?1¢�è/��. �´�Ñ
�<ÅXÚ��<�ýXÚ�m�üzÆÓ'X. éuÉ�+NXÚó, f+NÑ´±�«½öõ«�ª�p���, §��m�3��5, �ù«��5éu��+NXÚ���Çk�KǑ. ��ó, É�+NXÚ¥ØÓ�N�m����ª�©Ǒ�é�!�éõÚõéõ��ª, ��'XQ´�«êÅ, Ǒ´��XÚyf5¿KǑXÚ(�°�5�'�¤3[29]. �©ÏLþã®kïÄó�©Û�éu, ïÄ�k�½Ï&ÿÀ�É���+NXÚ���5Jl¯K, T+NXÚd��f+NÚ��f+N|¤. �©�Ì��z´: 1) l�N5�ØÓ½f+NÿÀ(�ØÓ�ÆÝÑu, �ïÉ�+NXÚ����.; 2)éuØÓ�f+N, ©OJÑ�A�©Ùª��5Jl��ÆÆ, Ó��Ñ�y��5Jl¢y�¿©^�; 3) ½Â
ïþf+Nm��§Ý���'~�ëê.�©(�Xe: 1 1 !´É���+NXÚÆÓ��5�¯K£ã; 1 2 !´Ì�ïÄ(J�äN�ã, �)É�+NXÚ����., JÑ
�a©Ùª��5Jl��ÆÆ, �Ñ
½nÚ�'�y²±9��'~ëê; 1 3 !ÏL�ý¢~©Û?�ÚµdnØ(J�k�5Ú�15; 1 4 !é�©SN?1o(.

1 ¯K£ã+NXÚ¥, �N�m�&E��£ãǑ�pãG = (V,E,A), Ù¥ V = (v1, v2, · · · , vn)´��º:8; E ⊆ V ×V ´>8; A = [aij] ∈ R
n×n ´äk�� aij �\�Ý
, XJ (vi, vj) /∈ E, �o aij

= 0, ÄK aij > 0. > eij = (vi, vj) ∈ E L«: vj�±�Â5g: vi �&E. e aij = aji, Tã¡Ǒ��ã, ��¡Ǒk�ã. éÆÝÝ
D ∈ R
n×n ½ÂǑ D = diag{d}, Ù¥ di =

∑

vj∈V
aij. .Ê.dÝ
 L ∈ R

n×n ½ÂǑ L = L(G) = [lij ], = L = D

− A, Ù¥ lii =
∑n

p6=i
aip, ¿� lij = −aij, ∀i 6= j.Ún 1

[30]
. b� xxx = [x1, x2, · · · , xn]T, �

xi ∈ R. u´XÚ ẋxx = −Lnxxx U
¢yìC��5�^�´��=�ã Gn k��k�)¤ä,Ù¥ Gn ´ n ��UN�Ï&ÿÀ(�ã, ¿� Ln´ã Gn � Laplacian Ý
. éu ∀t ≥ 0, e−Lnt ´äk�éÆ�����ÅÝ
. Gn äkk�)¤ä�¿©7�^�´ rank(Ln) = n − 1. ù«�¹e, �3�K���þ γγγ ∈ R
n, ��� t → ∞ �,

e−Lnt → 111γγγ, Ù¥ γγγTLn = 000T, ¿� γγγT111 = 1.b�É�+NXÚd b ≥ 2�f+N|¤, ��+NXÚ�£ãǑ {P,E}, Ù¥ P = {P1, · · · , Pi,

· · · , Pb}, E = {E1,1, · · · , Ei,j , · · · , Eb,b}. Ù¥, PiL«f+N i ��N8Ü, Ei,i L«f+N i �>8Ü, =f+N�SÜë�. � i 6= j �, Ei,j L«f+N i Úf+N j �m�>8Ü, =f+N�	Üë�. Ø���5, �Ääkü�f+N�É�+NXÚ, dm ���ÄåÆ�NÚ n−m ���ÄåÆ�N|¤. ���N�ÄåÆ�§Xe:
{

ẋi = vi

v̇i = p(t) + ui

, i = 1, 2, · · · ,m (1)Ù¥, xi, vi ∈ R
N ©OL«�N i � �G�Ú�ÝG�, ui ∈ R
N ´��Ñ\, p(t) ´g�Ä�¼ê. ���N�ÄåÆ�§Xe:

ẋi = f(t) + ui, i = m + 1,m + 2, · · · , n (2)Ù¥, xi, ui ∈ R
N ©OL«�N i � �G�Ú��Ñ\, f(t) ´g�Ä�¼ê. d	, 8I�N�ÄåÆ�§Ǒ

{

ẋ0 = v0

v̇0 = p(t)
(3)Ù¥, x0, v0 ∈ R

N ©OL«�N i � �G�Ú�ÝG�, p(t) ´g�Ä�¼ê. Ǒ
Bu©Û, b�+NXÚ¥¤k�N´3���m¥, = xi, vi, ui
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∈ R. �´, ÏL Kronecker È, �©ïÄ¤�(JÑ�±*�A^� N ��m�¥.éAu��+N���ÄåÆ�NÚ��ÄåÆ�N�y©, ��Ý
 A Ǒ

A =

[

As Asf

Afs Af

]Ù¥, Af ∈ R
(n−m)×(n−m), As ∈ R

m×m. ���N� Laplacian Ý
½ÂǑ Ls = Ds −As, Ds ´=�Ä���N�\ÝéÆÝ
. aq/, Lf = Df−Af´���N� Laplacian Ý
. éu�N i, Ni,s ½ÂǑ§�äk��ÄåÆ��Ø�N8Ü, Ni,f ½ÂǑ§�äk��ÄåÆ��Ø�N8Ü. �âù
�EÚ½Â, ��+NÿÀã� Laplacian Ý
�£ãǑ
L =

[

Ls + Dsf −Asf

−Afs Lf + Dfs

]Ù¥,

Dsf = diag







∑

vj∈N1,f

a1j, · · · ,
∑

vj∈Nm,f

amj







Dfs = diag







∑

vj∈Nm+1,s

a1j, · · · ,
∑

vj∈Nn,s

anj





½Â 1. éu?¿�©G� xi(0), x0(0) Ú
vi(0), v0(0), É���+NXÚU
¢y��5Jl. e

lim
t→∞

‖xi(t) − x0(t)‖ = 0, ∀i ∈ {1, 2, · · · , n}

lim
t→∞

‖vi(t) − v0(t)‖ = 0, ∀i ∈ {1, 2, · · · ,m}

2 Ì�ïÄ(J
2.1 ���.�ëê½Â 2. �Ä	Üë� (s, z) ∈ Ei,j , Ù¥ s ∈

Pi, z ∈ Pj , � i 6= j, s ¡Ǒ z ����N, ��½,. 3f+N i ¥, òvk?Û���N��N¡ǑÕá�N.½Â 3. É�+N¥���N�m�3�«'X, *d�p�6!p��)�^, ¿��N�±Õá�u�§g��õU¿�3, ù«'X¡Ǒ��5. ½Â 4. deZ�äkØÓÄåÆ5�±9ÿÀ(�ØÓ�f+N�¤É�+N�äÿÀã, ¿�f+N�m�3��5, ù«ÿÀã¡ǑÉ�+N����..

Xã 1 (a) Ú 1 (b) ¤«, �«
ü«É�+NXÚ����., ù
+NXÚ´dØÓ5�ÚØÓÿÀ(��f+N¤�¤. É�+N����.�±�Ù/£ãf+N�m���5, ã¥²¡S¢��Lf+N�SÜë��, =f+N¥�N�m�Ï&'X, J��Lf+N�	Üë��, =f+N�m���'X. 3�©¥, ·��Ädü�f+N�¤�É�+NXÚ��., Xã 1 (a) ¤«.

ã 1 É�+NXÚ����.«¿ã
Fig. 1 Interdependent models of heterogeneous

group systemsǑ
ïÄÉ�+NXÚ��5Jl¥ØÓ��§ÝéÙKǑ, Ú\ëê Pr L«��'~. Pr �)
Pri Ú Prj, Ù¥ Pri �Lf+N i ¥���NêÓf+N i ¤k�Nê�'~�, Prj �Lf+N j ¥���NêÓf+N j ¤k�Nê�'~�.



















Pri =
#{s ∈ Pi|(s, z) ∈ Ei,j}

Numi

Prj =
#{z ∈ Pj|(s, z) ∈ Ei,j}

NumjÙ¥, #{U} L« U 8Ü�Äê, Numi Ú Numj©OL«f+N i Úf+N j ��Noê8.

2.2 É���+NXÚ���5JlÄu1 2.1!É�+NXÚ���.��ï, ?Ød��ÄåÆ�NÚ��ÄåÆ�N|¤�É���+NXÚ���Jl. �ÄÉ���+NXÚ
(1) Ú (2), JÑ�a©ÙªJl��5��ÆÆ, Ù£ãǑ

ui(t) = k1

n
∑

j=1,j 6=i

aij(xj(t) − xi(t)) +

k2

m
∑

j=1,j 6=i

aij(vj(t) − vi(t))−

k3di(xi(t) − x0(t) + vi(t) − v0(t)),
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i = 1, 2, · · · ,m (4)�
ui(t) = k4

n
∑

j=1,j 6=i

aij(xj(t) − xi(t)),

i = m + 1, · · · , n (5)Ù¥, k1 > 0, k2 > 0 ©O´ �Ú�Ý�ÍÜXê, k3 > 0, k4 > 0 ´�"��Xê. aij ´��Ý
 A ∈ R
n×n �1 (i, j) ���, di ´ÛÜÝÝ


B ∈ R
m×m �1 (i, i) ���. u´, É���+NXÚ�±£ãǑ























































































ẋi = vi

v̇i = p(t) + k1

n
∑

j=1,j 6=i

aij(xj(t) − xi(t)) +

k2

m
∑

j=1,j 6=i

aij(vj(t) − vi(t))−

k3di(xi(t) − x0(t) + vi(t) − v0(t)),

i = 1, 2, · · · ,m

ẋi = f(t) + k4

n
∑

j=1,j 6=i

aij(xj(t) − xi(t)),

i = m + 1, · · · , n

(6)- ξi(t) = xi(t) − x0(t), i = 1, 2, · · · , n, ηi(t)

= vi(t)− v0(t), i = 1, 2, · · · ,m, � ξ1 = [ξ1, ξ2, . . .,

ξm]T, η = [η1, η2, . . . , ηm]T, ξ2 = [ξm+1, ξm+2, . . .,

ξn]T.dª (6) ��


























































































ξ̇i = ηi

η̇i = k1

n
∑

j=1,j 6=i

aij(ξj(t) − ξi(t)) +

k2

m
∑

j=1,j 6=i

aij(ηj(t) − ηi(t))−

k3di(ξi(t) + ηi(t)),

i = 1, 2, · · · ,m

ξ̇i = k4

n
∑

j=1,j 6=i

aij(ξj(t) − ξi(t)),

i = m + 1, · · · , n

(7)þãØ�XÚ�U�Ǒ







ξ̇1

η̇

ξ̇2






= Ξ(t)







ξ1

η

ξ2






(8)Ù¥,

Ξ(t) =






0m×m Im 0m×(n−m)

−k3B − k1L̂s −k3B − k2L̂s k1Asf

k4Afs 0(n−m)×m −k4L̂f





Ù¥, L̂s = Ls + Dsf , L̂f = Lf + Dfs.�â½Â 1, � t → ∞ �, k
ξi(t) = xi(t) − x0(t) → 0, i = 1, 2, · · · , n

ηi(t) = vi(t) − v0(t) → 0, i = 1, 2, · · · ,mL²É���+NXÚU
¢y��Jl.½n 1. b��½Ï&ÿÀã G �¹��k�)¤ä, =+NXÚ¥?¿�N��U
ÏL,��Ø�N¼�Ï&&E, �o�½Ï&ÿÀ�¹e,É�+NXÚ (1) Ú (2) ÏL©Ùª��ÆÆª (4)Ú (5) U
¢y+N��5Jl�¿©^�´
(

k1

k2

− k3

)

+ k2

∑

vj∈Ni,f

aij ≤ 0Ù¥, k1 > 0 ´ �ÍÜXê, k2 > 0 ´�ÝÍÜXê, k3 > 0 ´�"��Xê.y². Ø�XÚ (8) �U�Ǒ






ξ̇1

η̇

ξ̇2






= −Ξ̃







ξ1

η

ξ2






(9)ª¥,

Ξ̃ =






0m×m −Im 0m×(n−m)

k3B + k1L̂s k3B + k2L̂s −k1Asf

−k4Afs 0(n−m)×m k4L̂f













ξ1

η

ξ2





Ǒ
Bu©Û, �Ñe¡�=�ª
yi = ξi +

k2

k1

ηi, i = 1, 2, · · · ,m- y = [y1, y2, · · · , ym]T, Ø�XÚ (9) U�Ǒ






ξ̇1

ẏ

ξ̇2






= −

⌢

Ξ







ξ1

y

ξ2






(10)Ù¥,
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⌢

Ξ =






k1

k2

I −

k1

k2

I 0
(

k1

k2

− k3

)

B + k2Dsf

(

k3 −

k1

k2

)

B + k2Ls −k2Asf

−k4Afs 0 k4L̂f





du (k1/k2−k3)+k2

∑

vj∈Ni,f
aij ≤ 0, w´�Ý
 ⌢

Ξ �¤kéÆ��Ñ´�K�, ¿�¤k�éÆ��Ñ´���. �dÓ�, 5¿ ⌢

Ξ111n+m = 0,
⌢

Ξ �ÀǑ Γ(
⌢

Ξ) �k� Laplacian Ý
. ÏL��C�, {zÝ
 ⌢

Ξ, ò1 1 ���\�1 2 �¥, k
⌢

Ξ →







k1

k2

I 0 0
(

k1

k2

− k3

)

B + k2Dsf k2(Ls + Dsf ) −k2Asf

−k4Afs −k4Afs k4L̂f







(11)òª (11) ¥1 1 1��� −k2/k1[(k1/k2 −

k3)B + k2Dsf ] �\�1 2 1, ¿�1 1 1���
(k2k4)/k1Afs �\�1 3 1, k

⌢

Ξ →









k1

k2

I 0 0

0 k2(Ls + Dsf ) −k2Asf

0 −k4Afs k4L̂f









(12)òª (12) 1 1∼ 3 1©O�± k2/k1, 1/k2,

1/k4, ��
⌢

Ξ →

[

I 0

0 L

]

rank(
⌢

Ξ) = m + rank(L). ÏLÚn 1, ����=� rank(
⌢

Ξ) = m + n − 1 �, Γ(
⌢

Ξ) k��k�)¤ä. dª (12) ÚÚn 1, ��=��½Ï&ÿÀã
G k��k�)¤ä�, Γ(

⌢

Ξ) k��k�)¤ä.±�uXÚ (10) �¢yìC/��5. b� t → ∞�, k [ξ1T
, yT, ξ2T

] → γγγT, Ù¥ γγγ = [γ, γ, · · · ,

γ]Tn+m ´~�þ. �, d ξi(t) = xi(t)−x0(t), i =

1, 2, · · · , n, ηi(t) = vi(t)− v0(t), i = 1, 2, · · · ,m ��, � t → ∞ �, k ξi(t) = xi(t) − x0(t) → 0, i =

1, 2, · · · , n; ηi(t) = vi(t) − v0(t) → 0, i = 1, 2, · · · ,

n. éd, ÏL��ÆÆª (4) Úª (5), É���+NXÚ (1) Ú (2) �ÆÓ��JlU
¢y. �

3 �ý¢~©Û¡·�ïá
É�+NXÚ����., ¿�O
�a©Ùª��5Jl��ÆÆ±¢yÉ���+NXÚ���5Jl, �Ñ
�'½nÚ©

Ûy²±9��'~ëê. �!¥, Jø�ý¢~?�Ú`²nØ(J�k�5Ú�15.¢~ 1. �Äd���N 1, 2, 3 Ú���N 4,

5, 6 �¤�É���+NXÚ, TXÚ�Ï&ÿÀãäk��)¤ä, Xã 2 ¤«. lã 2 ��, ��+NXÚdf+N GI Úf+N GII |¤, ¿� P1

= {1, 2, 3}, P2 = {4, 5, 6}, Ù¥�N 1, 3, 4, 5 ´���N, �N 2, 6 ´Õá�N, ¿� E14, E35 ´f+N�ü^	Üë�>. f+N GI Úf+N GII���'~�©OǑ PrI = 2/3, PrII = 2/3.

ã 2 É���+NXÚ��½��ÿÀã
Fig. 2 Fixed undirected topology of the heterogeneous

interdependent group system8I�N�\�ÝǑ p(t) = 0.1t2 sin(8t), �
f(t) =

∫

p(t)dt. éuXã 2 ¤«�+NÿÀã, �A Laplacian Ý
ÚÛÜÝÝ
©OǑ
L =























2 −1 0 −1 0 0

−1 2 −1 0 0 0

0 −1 2 0 −1 0

−1 0 0 3 −1 −1

0 0 −1 −1 3 −1
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0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0





















?�ëê k1, k2, k3, �Ù÷v½n 1 �¿©^�, =
(k1

k2

− k3

)

+ k2

∑

vj∈Ni,f

aij ≤ 0ùp, �ëê k1 = 1, k2 = 1, k3 = 9, k4 = 1, ¤k
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xT(0) = [2, 3, 5, 6, 7, 4]

vT(0) = [1, 1.4, 1.8]

x0(0) = 8, v0(0) = 2.4l�ý(Jã 3��, ÏL��ÆÆª (4)Úª
(5), É���+NXÚ���5JlU
ìC/¢y. ã 3 (a) ´8I�N��Ý&Ò�. dã 3 (b)Ú 3 (d) ��, ���N 1, 2, 3 ��Ý²L�ã�m��Åì/ªCu�Ó�ê�, ¿����lþ
8I�N��Ý&Ò. lã 3 (c) (J©Û, ��m t = 11.5 s �, ¤k�N� �G��8I�N� �G��mýéØ�Ä�Ǒ", �é{ó, �Ø´���N�´���N�ªJl�8I�N, ¿�àÜ3�åUY $Ä.�f+NO\�^	Üë�> E26, ���N'~� Pr O�, ǑÒ´f+N�m��§Ý�Ǒ;

�. d�, +NÿÀãéA� Laplacian Ý
ÚÛÜÝÝ
©OǑ
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2 −1 0 −1 0 0
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1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0























ã 3 �N� �G�JlØ�Ú�Ý«¿ã
Fig. 3 Position state tracking errors and velocities of individuals
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= 8.8 s), ¤k�N� �G��8I�N �G�ýéØ�ªu"�, ¿����N��ÝG�Åìªu�Ó���8I�N��ÝG�Czª³�±��. �ã 3 (c) Ú 3 (d) é'uy, O\ë�>��, 8I�N��5Jl��m²w/ á
.¢~ 2. �Ä��É���+NXÚ, TXÚéA�ã´k�Ï&ÿÀã, ¿�¹k��k�)¤ä, Xã 5 ¤«. ��+NE,d���N|¤�f+N GI Ú���N|¤�f+N GII ¤�¤, ǑÒ´ P1 = {1, 2, 3}, P2 = {4, 5, 6}. ùp, k�ÿÀãéA� Laplacian Ý
ÚÛÜÝÝ
Ǒ
L =























1 −1 0 0 0 0

0 1 −1 0 0 0

0 0 1 0 −1 0

−1 0 0 2 0 −1

0 0 0 −1 1 0
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1 0 0 0 0 0
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0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0





















aq/, �ëê k1 = 1, k2 = 1, k3 = 9, k4 = 1,÷v^�
(

k1

k2

− k3

)

+ k2

∑

vj∈Ni,f

aij ≤ 0¤k�NÚ8I� �G�Ú�ÝG���Xe:

xT(0) = [2, 3, 5, 6, 7, 4]

vT(0) = [1, 1.4, 1.8]

x0(0) = 8, v0(0) = 2.4lã 6 �±wÑ, ÏL��ÆÆª (4) Úª (5),É���+NXÚÅì/¢y
��5Jl. d�ýã 6 (a) (J©Û, ²L�½�m, ¤k�N� �G�Ú8I�N� �G��ýéØ��Ä�ªu"�. d�ýã 6 (b) (J©Û, ���N��Ý²L�ã�m��ªu��, ¿�U
���lþ8I�N��Ý&ÒG�.

ã 4 �N� �G�JlØ�Ú�Ý«¿ã
Fig. 4 Position state tracking errors and velocities of

individuals

ã 5 É���+NXÚ��½k�ÿÀã
Fig. 5 Fixed directed topology of the heterogeneous

interdependent group system

4 (Ø�©ïÄ
�k�½Ï&ÿÀ�É���+NXÚ���5Jl¯K, l�N5�ØÓÚf+NmÿÀ(�ØÓ�ÆÝ, ïáÉ�+NXÚ���
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¢yÉ���+NXÚ���5Jl, �O
�a©Ùª��Jl��ÆÆ. Ó�, �Ñ
¢y��É�+N��5Jl�¿©^�. ½Â
ïþ��§Ý���'~ëê Pr, ©Û
ÙéÆÓ��5Jl�KǑ. ��, ÏL�ý¢~�y
nØ(J�k�5.

ã 6 �N� �G�JlØ�Ú�Ý«¿ã
Fig. 6 Position state tracking errors and

velocities of individuals
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