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Degradation Modeling and Remaining Useful Life Prediction with

Bivariate Time Scale

ZHANG Zheng-Xin1 HU Chang-Hua1 SI Xiao-Sheng1 ZHANG Wei2

Abstract Degradation modeling based remaining useful life (RUL) prediction is currently a research hotspot in the

field of reliability. However, almost all the existing models consider the degrading equipment with one time scale, and no

particular approach has been developed for deteriorating equipment whose degradation process involves more than one

time scale. To fill this gap, a bivariate-time-scale degradation model, in which the uncertain relationship between the

two time scales is depicted through a stochastic proportional coefficient, is presented based on Wiener process. Under

the concept of the first hitting time, a bivariate-time-scale RUL distribution is derived and its relationship with the RUL

distribution under single time scale is discussed. Besides, a maximum likelihood estimation method is introduced to

estimate unknown parameters using historical degradation data. A case study of degradation data from gyroscopes in an

inertial platform demonstrates the effectiveness of the proposed method.
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}³²���.E,XÚ, �
'����òz��ò�5J±�þ�²L��!<
ú�Ú�¸»�[1]. XJU
3'�����
, O(/éÙ?1�{Æ·ýÿ (Remaining useful life, RUL), ÒU
9�ÌÄ/æ�ý���, ;�/J�u). DÚ�Äu��êâ��{I�Óa�����êâ,Ñ��!¤�p, ØU·A#/³e��Æ·ýÿ�I�. Äu��òzÿþêâïáòz�., ?
é���� RUL ýÿ��{´�^²L�1�å»[2−4]. Ïd, ���òzï���{ýÿÅì��ÆöÚó§Eâ<
�'5!ïÄÚA^, ¤Ǒ��5+����ïÄ9:[5−9] .���òz;,  äk�Å5, �Äu�ÅL§��{¤Ǒòzï�¥�Ì6�{. ©z¥®k��'ïÄ�©Ǒüa: �éM���òzï��{Ú�é^����{. �éM���ï��



1790 g Ä z Æ � 43ò{, Ï~ò����ÅòzL§�ǑÆCþK\�'~ºx�.���Ç¼ê¥, ǑxòzL§é�����KǑ, ?
¢y��� RULýÿ[10−11]; �é^����{, ��ò���ÅòzL§Äg��,���K���m½ÂǑ���Æ·, ÏL�)TÄ��m�©Ù¢y���Æ·Ú�{Æ·ýÿ[4−5]. du1�a�{äkÔn¿Â�*²(!O�{üB$!BuK\�Å�^�`:, �ó§¢S¥�þ�ÅòzXÚ����ªáu^��, Ïd�©Äu1�a�{�mïÄ.�mºÝ´òzï�Ú�{Æ·ýÿ�Ä�����, Ǒ´��~�yk�{¤�À�¯K. ¯¢þ, 8
©z¥ý�õê�òz�.Ñ��Ä
ü���mºÝ, �)òz�.¥�g,�m!Li-ion>³òz�.¥�¿�>gê!7áÁ��NÁ�¥�Ì�gê�, �^�Ñ´ü��mºÝ. 3é¢SXÚ�òzï�Ú RUL ýÿ¥, Ǒ¬¡�V�mºÝ!$�õ�mºÝ�¯K. ~X, 3µ�ð�ÓÆ�?Ï�
, I�(½���mÚ1¨´§V�mºÝe�Æ·©Ù[12] ; 3é�Ååáe?1u?ûü�, I��ÄåáeÑ¸�o��!?uó�G����±9²É�åágên�ØÓ�mºÝe�Æ·[13−14]. 2X, ïÄL²Ï>ÿÁéÑ�¥�.5¤L�5Uòzk²w�\��^, 
�oÚ��¾	�ûüÑÄug,�m[15] . Ïd, k7��ÄV�mºÝe.5¤L�òzï�Ú�{Æ·ýÿ¯K. d	, ØÓ�mºÝÏ~ǑØ´�pÕá�, du��$1L§¥��Å5, ØÓ�mºÝ�m�'XǑJ±ÏL(½5�¼ê£ã. ù
¯KǑk�
Æö�m
ïÄ, �yk�V�mºÝ½õ�mºÝ���.Ñ´ÄuDÚ���êâ[13−14, 16], ÿ�uy'uV�mºÝe���ÅòzL§ï�Ú RUL ýÿ�©z��.�u±þ?Ø, �©JÑ
�«ÄuWiener L§�V�mºÝ�Åòzï�Ú�{Æ·ýÿ�{,|^�Å'~Xê£ãü��mºÝ�m�'X,¢yV�mºÝe���òzL§ï�. 3dÄ:þ, í�
V�mºÝe��Æ·Ú RUL ©Ù�)Û), ¿?Ø
Ù�Äuü�mºÝòz�.��(J�m�'X. Ó�, �Ñ
Äu{¤òzêâ���ëê4�q,�O�{. ��, ÏL.5²�'�ì�úÚ¤�òzï�Ú RUL �O�y
¤J�{�k�5.

1 �Åòzï�ÄuWiener L§�òz�.U
é�üN�òz��?1ï�, �äk)Û/ª�Ä��m©Ù, ®²2�A^u-1u)ì!LED �!7áá

Æ��òzï�Ú�{Æ·ýÿ[17−19] . Ïd, �©ÄuWiener L§?1V�mºÝe���òzï�. e¡, Äk�Ñü�mºÝeÄuWiener L§�òz�..

1.1 ü�mºÝ�Åòzï�- t �Ǒ���òzG�Ǒ X(t), ÄuWienerL§5Ǒx���òz, =
X(t) = λ0 + λ1t + σBB(t) (1)Ù¥, λ0 L«����©òzY², ¤£Xê λ1 L«���òz�Ç, *ÑXê σB ÚIOÙK$Ä

B(t) �å, £ãXÚèxG��Ä�Ø(½5. λ0,

λ1, σB 9 B(t) �pÕá. ùpb����òzLyǑ�I X(t) �O\, éu5U�IÅìü$���, ÙòzL§�ÏL{ü�êÆ?n�Ù=zǑÅìO\�òzL§.w,, ª (1) ¤£ã�òz�.·Üé�5�òzL§?1ï�. ����òz;,¥y��5A5�, �ÏL·��C�, òòz;,�5z��?1ï�. ù«C��±ÏLéòzY²��¢y,~Xò�ê.�òz;,éêz[20] , Ǒ�±ÏL�mºÝC�¢y[21]. e©¥��{�±*����5z���5òzï�¥� RUL ýÿ¥.Ï~����G��L,�ý½���K� w�, Ø2÷v¢S�^I�, �Ǒ����. �ò5U�I�LK� w �Ä��m½ÂǑ���Æ·
T , =

T = inf{t : X(t) ≥ w|t ≥ 0} (2)�A/, tk �ǑXÚ��{Æ· Lk �L«Ǒ
Lk = inf{lk : X(tk + lk) ≥ w|X(tk) ≤ w} (3)

1.2 V�mºÝ�Åòzï���Äü��mºÝ t Ú τ �, ���5UòzG� X(t, τ) �±ÏLª (4) £ã
X(t, τ) = λ0 + λ1t + σBB(t) + λ2τ + σW W (τ)

(4)Ù¥, W (τ) ´�mºÝ τ e���IOÙK$Ä,�*ÑXê σW �åLÆd�mºÝ τ Ú\�Ä�Ø(½5, λ2 L«��mºÝ τ �'�òz�Ç.�,, Ǒ�±/�V�mºÝ���.�~^��{, )�Ñ����^Ç, ?
/�\�òz�.��{r�^Ç(Ü�òz�.¥, r¯K{z¤���Ý, ¿�Äü��mºÝ�m�'X[22] . ǑâÑV�mºÝ�ü�mºÝòz�.�éX�«O,�©ò��Æ·½ÂǑ
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[T,Λ]= inf{t : X(t, τ)≥ w,Λ(t) = τ |t ≥ 0, τ ≥ 0}
(5)Ù¥, Λ(t) ^u£ã�mºÝ t � τ �m�'X.�. (1) ¥b�¤£Xê λ1 �*ÑXê σB �pÕá, �. (4) ¥Ó�b�¤£Xê λ1, λ1 �*ÑXê σW , σB �pÕá. ù«b���õêÄu

Wiener L§�òz�.¤æ^. ,
, Ye ��C�Ä
¤£Xê�*ÑXê�m�'X, b�Ù�m÷v'~'X[23]. ��Ä¤£Xê�*ÑXê�m�'X�, Ó��Äu©z [23] ¥�Æ·©Ù(J,�ïV�mºÝe�òz�., í�L§aq.�. (4)�yk�õòzþ�.�ÉwÍ. õòzþ��´LÆ��5U��I´õ��, =ü��òzG�X(t) ATL«¤õ��þ�/ªX(t).
�©�Ä�V�mºÝòz�.¥, Ǒx��5UòzG���ÅCþE´���, �´�mºÝd t C¤
 [t, τ ]. �±�Ǒ, õòzþ�.�é�´¼ê�þL«�òzL§, 
�©�Ä�´^ü��mºÝ���Iþ¼êǑx�òzL§.X
¤ã, �mºÝ�mÏ~´�p'é�. �©ǑÌ��Äü��mºÝ�p'é���/. �ü��mºÝ t Ú τ �pØ�'�, Æ·©Ù�í�9ëê�O�Ñò�\{ü. Ǒ{üå�, ü��mºÝ t Ú τ �m�'X�±^Xe¼êLã
τ = Λ(t) = γt (6)Ù¥, γ L«�mºÝ τ ¤Ó�mºÝ t �'~. ~X, e t Ú τ ©OL«g,�m�ó��m, K γ Ǒó�Ç. Ǒ
£ã��$1L§¥�Ø(½5, ùpb� γ ǑÑl��©Ù��ÅCþ. �,, �â���äN$1�¹, Ǒ�±ÀJÑlÙ�a.©Ù��ÅCþǑxØÓ�mºÝ�m�'X. d	, ù«'é¿Ø��Ù¥���mºÝǑ,	���mºÝ��Ü©, ~X¢~©Û¥Ï>�m�;��m�'X. éuÙ�ØÓ/ª�V�mºÝ, ~XÓÆ��¥�9�1¨p§��^�m[23] , ǑpØ�¹, �E�^ª (6) ?1£ã.aq/, ��3,�½�Ǒ tk ��{Æ·

[Lk,Ψk] �½ÂǑ
[Lk,Ψk] ≈ inf{lk : X(tk + lk, τk + ηk) ≥ w,

Λ(tk + lk) − Λ(tk) = ηk|X(tk, τk) < w}
(7)�©�8�´�) [T,Λ] Ú [Lk,Ψk] �VÇ�Ý¼ê (Probability density function, PDF) 9\ÈVÇ©Ù¼ê (Cumulative distribution func-

tion, CDF). ǑQã�B, e©©Oòü�mºÝÚV�mºÝòz�.PǑ M1 ÚM2.

é'ü�mºÝòz�. (1) ÚV�mºÝòz�. (4) ��, �©JÑ�V�mºÝ�.´Äuü�mºÝJÑ5�, U
òü�mºÝ�.�¹ǑA~, � λ2 = 0 � σ2
W = 0 �, V�mºÝ�.=Ǒü�mºÝ�.; Ó�, í�V�mºÝe�Æ·©ÙǑI�Äuü�mºÝòz�.��'(J. ,
, V�mºÝòz�.¿Ø==´ü�ü�mºÝ�.�{üU\, �I��Ä
ü��mºÝ�m��p'X. d	, ü�mºÝòz�.(�{ü, I��O�ëê�, �  �Ñ
,���mºÝéòzL§�KǑ; V�mºÝ�.Ǒ,I�(½�ëê�õ, �U
Jø�õ�Æ·©Ù&E,Ó�ǑǑ�ÄØÓÏ�éòzL§�KǑJø
�^#�å».

2 Æ·©ÙÚ�{Æ·©Ùí�Ǒ
O� M1 e��Æ·� PDF, I�^�ü�mºÝe��
Æ·©Ù��
(Ø±9^�VÇúª. äN/
fT,Λ|θ,M2

(t, τ |θ,M2) =

fT |Λ,θ,M1
(t|τ,θ,M1)fΛ|θ,M1

(τ |θ,M1) (8)Ù¥, θ
T = [λ0, λ1, λ2], fT |Λ,θ,M1

(t|τ,θ,M1) L«
t �Ǒ τ = Λ(t) ^�e� T � PDF, fΛ|θ,M1

(τ |θ,

M1) ^u£ã�mºÝ t � τ �m�'X. ǑO� fT |Λ,θ,M1
(t|τ,θ,M1), �ò X(t, τ) �LÄ��½K� w ��m©Ù, =z¤ X(t) Ä��Å��K� w̃ ��m©Ù. ùp��ÅK� w̃ �±L«Ǒ w̃ = w − λ2τ − σW W (τ), �âWiener L§�5�, �ÅK� w̃ Ñl��©Ù, = w̃ ∼ N(w

− λ2τ, σ
2
W τ). ��3 [tk, τk] �Ǒ RUL �©Ù

fLk,Ψk|θ,M2
(lk, ηk|θ,M2) �±æ^aq��{?1O�, =

fLk,Ψk|θ,M2
(lk, ηk|θ,M2) =

fLk|Ψk,θ,M2
(lk|ηk,θ,M1)fΨk|θ,M2

(ηk|θ,M1)

(9)Ïd, Äk�Ñü�mºÝ t, =M1 e���Æ·©Ù. �â©z [18] ¥�(Ø, éuª (1) £ã��Åòz��, �½ λ0 Ú λ1 �, ÙÆ· T Ú
RULLk Ñk)Û/ª� PDF, =
fT |λ,M1

(t|λ,M1) =
w0√

2πσ2
Bt3

exp

[
−(w0 − λ1t)

2

2tσ2
B

]

(10)

fLk|λ,M1
(lk|λ,M1) =
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wk√

2πσ2
Bl3k

exp

[
−(wk − λ1t)

2

2lkσ2
B

]
(11)Ù¥, λ

T = [λ0, λ1], w0 = w − λ0, wk = w − λk.�A/, Xª (12) Úª (13) ¤«, ���Æ· T Ú RULLk � CDF �â_pd©Ù�5���, ®�Nõ©zÚ^��y, y²L§�ë�©z
[24].

FT |λ,M1
(t|λ,M1) = 1 − Φ

(
w0 − λ1t

σB

√
t

)
+

exp

[
2λ1w0

σ2
B

]
Φ

(−w0 − λ1t

σB

√
t

)
(12)

FLk|λ,M1
( lk|λ,M1) = 1 − Φ

(
wk − λ1lk

σB

√
lk

)
+

exp

[
2λ1wk

σ2
B

]
Φ

(−wk − λ1lk

σB

√
lk

)
(13)�âª (10) Úª (11), |^©z [18] ¥�Ún 1, �±í�Ñü�mºÝe��Æ·Ú RUL �^� PDF, = fT |Λ,θ,M1

(t|τ,θ,M1) Ú
fLk,Ψk|θ,M1

( lk, ηk|θ,M1) �L�ª, ©OXª (14)Úª (15) ¤«.

fT |Λ,θ,M2
(t| τ,θ,M2) =

√
σ2

B

2πt2(σ2
Bt + σ2

W τ)
×

w0σ
2
Bt + (σ2

W τ − σ2
B)λ2t τ

σ2
Bt + σ2

W τ
×

exp

[
−(w0 − λ1t − λ2τ)

2

2(tσ2
B + σ2

W τ)

]
(14)

fLk|Ψk,θ,M2
( lk| ηk,θ,M2) =

√
σ2

B

2πl2k(σ
2
Blk + σ2

W ηk)
×

wkσ
2
Blk + (σ2

W ηk − σ2
B)λ2lkηk

σ2
Blk + σ2

W ηk

×

exp

[
−(wk − λ1lk − λ2ηk)

2

2(σ2
Blk + σ2

W ηk)

]
(15)|^©z [19] ¥��'(Ø, ÙéA� CDF©OXª (16) Úª (17) ¤«.

FT |Λ,θ,M2
(t| τ,θ,M2) =

1 − Φ

(
w0 − λ1t − λ2τ√

σ2
Bt + σ2

W τ

)
+

exp

[
2λ1(w0 − λ2τ)

σ2
B

+
2λ2

1σ
2
W τ

σ4
B

]
×

Φ



−w0 − λ1t − λ2τ − 2λ1σ

2
W τ

σ2
B√

σ2
Bt + σ2

W τ


 (16)

FLk|Ψk,θ,M2
( lk| ηk,θ,M2) =

1 − Φ

(
wk − λ1lk − λ2ηk√

σ2
Blk + σ2

W τ

)
+

exp

[
2λ1(wk − λ2ηk)

σ2
B

+
2λ2

1σ
2
W ηk

σ4
B

]
×

Φ



−w0 − λ1lk − λ2ηk −

2λ1σ
2
W ηk

σ2
B√

σ2
Blk + σ2

W ηk


 (17)�âª (6) ¥��'b�, fΛ|θ,M1

(τ |θ,M1) Ú
fΨk|θ,M1

(ηk|θ,M1) Ǒ��©Ù, L�ªǑ
fΛ|θ,M1

(τ |θ,M1) =
1√

2πσ2
γt2

×

exp

[
−(τ − µγt)

2

2σ2
γt2

]
(18)

fΨk|θ,M1
(ηk|θ,M1) =

1√
2πσ2

γη2
k

×

exp

[
−(ηk − µγ lk)

2

2σ2
γη2

k

]
(19)òª (14)!(18) 9ª (15)!(19) �\ª (8) Úª (9), ���V�mºÝe��Æ·� RUL �©Ù. ?�Ú, �±Äu±þV�mºÝÆ·©Ù�(J���
k^�(Ø. äN/, ÏL�)ª (8)Úª (9) 'u�mºÝ t Ú τ �>Æ©Ù, ���ü��mºÝe�Æ·Ú RUL ©Ù, Xª (20) Úª (21) ¤«. e t Ǒ���;�Æ·, τ Ǒ���\Oó��m, �ÏLO� T Ú Lk �>Æ©Ù, �)�ÄÿÁKǑ�XÚ�Ñ�Æ·Ú�{Ñ�Æ·©Ù.

fT |θ,M2
(t, τ |θ,M2) =
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∫
fT,Λ|θ,M1

(t, τ |θ,M1)dτ =
∫

fT |Λ,θ,M1
(t|τ,θ,M1)×

fΛ|θ,M1
(τ |θ,M1)dτ (20)

fLk|θ,M2
( lk| v,M2) =

∫
fLk,Ψk|θ,M1

( lk, ηk| θ,M1)dηk =
∫

fLk|Ψk,θ,M2
(lk|ηk,θ,M1)×

fΨk|θ,M2
(ηk|θ,M1)dηk (21)Ón, �ÏLO� Λ Ú Ψk �>Æ©Ù, �)�ÄÑ�ÏXÚ5UòzKǑ�m�ó�XÚ�ó�Æ·Ú�{ó�Æ·, äNL§�ª (20) Úª (21)aq. I�`²�´, ÏL�)V�mºÝeÆ·Ú

RUL ©Ù�éÙ¥���mºÝ�>Æ©Ù���Ù¥���mºÝe���Æ·Ú RUL ©Ù, ò�Ä,	���mºÝé��5Uòz�KǑ, ±9ü��mºÝ�m�'X, ò¬�Æ·Ú RUL �O�O(. ù�:ò31 4 !úÚ¤� RUL ýÿ(J¥��?�Ú�y.�!�(ØÑ´3�.ëê®��
Je���, 
ó§¢S¥  I��â���{¤òzêâ(½�.�ëê. Ïd, e�!ò�ÄÄu��{¤*ÿêâ��.ëê�O�{.

3 �.ëê�O�!�âWiener L§�5�, Äu���{¤5U*ÿêâ, |^4�q,�O5é�.¥���ëê?1�O. b�k N �XÚ, Ù¥1 n �XÚkmn gÿþêâ, Ù1 j gÿþ���(JÚéA��m©OǑ xn,j, tn,j Ú τn,j. ?�Ú, - xT
n =

[xn,1, xn,2, · · · , xn,mn
], x = {xT

1 ,xT
2 , · · · ,xT

N}©OL«1 n����òzêâÚ¤k���òzêâ,��ëêPǑ ϕT = [λ0, λ1, λ2, σ
2
B, σ2

W ]. xn Ñlõ���©ÙMVN(µn,Σn), �Ùéêq,¼êǑ
ℓ(ϕ|x) = − mn

2

N∑

n=1

ln(2π) − 1

2

N∑

n=1

ln |Σn| −

1

2

N∑

n=1

(xn − µn)
T
Σ

−1
n (xn − µn) (22)Ù¥, µn = Γnθ, Σn = σ2

BTn + σ2
W Λn,

Γn =




1 tn,1 τn,1

1 tn,2 τn,2

...
...

...

1 tn,mn
τn,mn




Tn =




tn,1 tn,1 · · · tn,1

tn,1 tn,2 · · · tn,2

...
...

. . .
...

tn,1 tn,2 · · · tn,mn




Λn =




τn,1 τn,1 · · · τn,1

τn,1 τn,2 · · · τn,2

...
...

. . .
...

τn,1 τn,2 · · · τn,mn


�)�� ℓ(ϕ|x) ���ëê ϕ ��, �Ǒëê��O� ϕ̂. éÙ� �ê��

∂ℓ(ϕ|x)

∂θ
=

N∑

n=1

ΓT
nΣ

−1
n (xn − Γnθ) (23)

∂ℓ(ϕ|x)

∂σ2
B

=
1

2

N∑

n=1

(xn − µn)
T ×

Σ
−1
n TnΣ

−1
n (xn − µn)−

N∑

n=1

tr
(
Σ

−1
n Tn

)
(24)

∂ℓ(ϕ|x)

∂σ2
W

=
N∑

n=1

(xn − µn)
T ×

Σ
−1
n ΛnΣ

−1
n (xn − µn)−

N∑

n=1

tr
(
Σ

−1
n Λn

)
(25)Ù¥, tr(·) L«Ý
�,$�. Øª (23) 	, - �êǑ"¿ØU��)Û�ëê�O�, Ïd�Uæ^`z�{`zq,¼ê ℓ(ϕ|x) ��ëê�:�O� ϕ̂. 3�©�¢~ïÄ¥, æ^�`z�{´üX/{, = MATLAB ¥�õ�`z¼ê

fminsearch.Ǒ
����ëê ϕ �«m�O, ℓ(ϕ|x) é��ëê ϕ ����ê, Xª (26)∼ (31) ¤«.

∂2ℓ(ϕ|x)

∂θ∂θ
T

= −
N∑

n=1

ΓT
nΣ

−1
n Γn (26)
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∂2ℓ(ϕ|x)

∂σ2
B∂θ

=
∂2ℓ(ϕ|x)

∂θ
T
∂σ2

B

=

−
N∑

n=1

ΓT
nΣ

−1
n TnΣ

−1
n (xn − µn) (27)

∂2ℓ(ϕ|x)

∂σ2
W ∂θ

=
∂2ℓ(ϕ|x)

∂θ
T
∂σ2

W

=

−
N∑

n=1

ΓT
nΣ

−1
n ΛnΣ

−1
n (xn − µn) (28)

∂2ℓ(ϕ|x)

∂σ2
B∂σ2

B

=
1

2

N∑

n=1

tr
(
Σ

−1
n TnΣ

−1
n Tn

)
−

N∑

n=1

(xn − µn)T
(
Σ

−1
n TnΣ

−1
n TnΣ

−1
n

)
×

(xn − µn) (29)

∂2ℓ(ϕ|x)

∂σ2
W ∂σ2

W

=
1

2

N∑

n=1

tr
(
Σ

−1
n ΛnΣ

−1
n Λn

)
−

N∑

n=1

(xn − µn)
T (

Σ
−1
n ΛnΣ

−1
n ΛnΣ

−1
n

)
×

(xn − µn) (30)

∂2ℓ(ϕ|x)

∂σ2
W ∂σ2

B

=
∂2ℓ(ϕ|x)

∂σ2
B∂σ2

W

=

1

2

N∑

n=1

tr
(
Σ

−1
n T nΣ

−1
n Λn

)
−

1

2

N∑

n=1

(xn − µn)
T ×

Σ
−1
n

(
TnΣ

−1
n Λn + ΛnΣ

−1
n Tn

)
×

Σ
−1
n (xn − µn) (31)Äu±þ���©�(J, ��ëê ϕ �&E
 I (ϕ) Ǒ
I (ϕ) = diag{I1 (ϕ) ,I2 (ϕ)} (32)Ù¥, diag{·, ·} Ǒ©¬éÆÝ
, I1(ϕ) � I2(ϕ)©OǑ

I1 (ϕ) =

N∑

n=1

ΓT
nΣ

−1
n Γn (33)

I2 (ϕ) =

[
I11

2 I12
2

I11
2 I22

2

]
(34)Ù¥,

I11
2 (ϕ) =

1

2

N∑

n=1

tr
(
Σ

−1
n TnΣ

−1
n Tn

)

I12
2 (ϕ) =

1

2

N∑

n=1

tr
(
Σ

−1
n TnΣ

−1
n Λn

)

I21
2 (ϕ) =

1

2

N∑

n=1

tr
(
Σ

−1
n TnΣ

−1
n Λn

)

I22
2 (ϕ) =

1

2

N∑

n=1

tr
(
Σ

−1
n ΛnΣ

−1
n Λn

)
(35)�â4�q,�O�5�, ���v
��, �ò:�O�(J ϕ̂ �\ Fisher &E
¥, = I (ϕ),?
��ëê�«m�O. äN/, ��ëê ϕ ��&ÝǑ a �«m�OǑ

[
ϕ̂k − z a

2

√
v̂ar (ϕ̂k), ϕ̂k + z a

2

√
v̂ar (ϕ̂k)

]
(36)Ù¥, k = 1, · · · , 5, za = Φ−1(1 − a) L«IO��©Ù� 1 − a © ê, v̂ar (ϕ̂k) Ǒ var (ϕ̂k) ��O�, 
 var (ϕ̂k) �Äu Fisher &E
Ú Delta �{��, =

var (ϕ̂k) = I−1
kk (ϕ) (37)Ù¥, I−1

kk (ϕ) Ǒ I
−1 (ϕ) éÆ�þ�1 k ���.���ëê�:�O�, �^ã/z��{LÆV�mºÝòz�.�[Ü`Ý (Goodness of

fit). äN/, - yn,j = xn,j − xn,j−1 Ǒ1 n ^òz;,�31 j − 1 �G�iÿ�Ǒ�òzOþ,´� yn,j Ñlþ�Ú��©OǑ µn,j = λ1∆tn,j +

λ1∆Λn,j � σ2
n,j = σ2

B∆tn,j+σ2
W ∆Λn,j ���©Ù,Ù¥, ∆tn,j = tn,j − tn,j−1, ∆Λn,j = Λn,j − Λn,j−1.�kXeÚOþ

ξn,j =
1

σ2
n,j

(yn,j − µn,j)
2

(38)ÑlgdÝǑ 1 � χ2
1 ©Ù. Ïd, ��â*ÿþ x �Oþ, |^ χ2

1 ©Ù�© ê –© êã
(Quantile-quantile plot, Q-Q plot) 5½5/L«�.�[Ü`Ý. ü�mºÝb�eòzOþÑl��©Ù, �^��©Ù� Q-Q ã½5/L«�.�[Ü`Ý. �½5��.ÀJIOØU÷v�.ÀJ����§�±ÀJ^�.�4�éêq,¼ê� ℓ(ϕ̂|x) ½ö AIC (Akaike information crite-

rion) OK½þ/'�ÚÀJòz�.. AIC OK�âeªO�
AIC = −2ℓ(ϕ̂|x) + 2d(ϕ) (39)
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ó, 4�éêq,¼ê ℓ(ϕ̂|x) ����, AIC ����, éA�òz�.éòzêâ�[Ü��.ò�!ëê�O�(J�\þ!�Æ·Ú�{Æ·©Ù¥, =������Æ·½ö�{Æ·©Ù. �d, �©¢y
Äu{¤iÿêâ���òzï���{Æ·ýÿ. e�!ò�©�{A^uúÚ¤¤£Xêòzêâ�©Û¥, é¤J�{?1`²Ú�y.

4 ¢~ïÄúÚ¤´.5²��Ø%ì�, ~^u»�!����Ï;��g�^�XÚ¥. 3úÚ¤��Ï;�L§¥, Ù5UØ�;�/u)òz, äNNyǑÙ¤£Xê�O\. �úÚ¤�¤£Xê�L�½K��, ØU2÷v�^I�, ��ǑúÚ¤��. ó§¢S¥�L 90 % �úÚ¤��ǑúÚ¤£Xê��[25]. Ǒ
�yÑ�úÚ¤�5UU
÷v�^���, 7L½Ï½Ø½Ï/éúÚ¤?1Ï>uÿ. 
Ï>uÿò¬\�úÚ¤�5Uòz, �\OÏ>�mǑ´ïþúÚ¤Æ·���­��I.Ïd, 3éúÚ¤?1�{Æ·ýÿ�, 7LnÜ�Ä;��m t Úuÿ (Ï>) �m τ ü��mºÝ.e¡|^©z [15] Jø�úÚ¤¤£Ç{¤ÿÁêâé�©�{?1�y. T|êâ�)
 6 |úÚ¤�¤£Çêâ!;��mêâ±9zguÿ��êâ. Xã 1 ¤«, úÚ¤�uÿ´Ø½Ï?1�, �zgÿÁ��mǑ�ÅCþ. ÄuúÚ¤ÿÁ��mêâ±9zgÿÁ���êâ, |^4�q,�O=�±��ª (6) ¥ëê γ ¤Ñl���©ÙǑ N(0.2916, 0.05642 ).É�Ì��, �©=�Ñ #3 úÚ¤òz;,��'(J. Äk, |^¤J4�q,�O�{O��.¥���ëê, ¤�(JXL 1 ¤«. �mºÝ t e��ëê�q,¼ê²w�u�mºÝ τ e�q,¼ê, ù´ÏǑúÚ¤�5UòzÌ�´duÏ>ÿÁÚå�. ?�Úé'L 1 ¥�êâ��,V�mºÝeòz�.¥��ëê�éêq,¼ê��, 
�mºÝ τ e AIC OK�Ñ�uV�mºÝe� AIC. Ïd, nÜü��I, V�mºÝ�.

U
��/[ÜúÚ¤�òz;,.ÄuL 1 ¥�ëê�O, �O�V�mºÝeTúÚ¤�Æ·©Ù, ¤�(JXã 2 ¤«. I�`²�´, Ǒ
��TúÚý¢����m, ùpÀJ�´TúÚ���gÿÁ�¤£��Ǒ��K�,= w = 0.2516, 
Ø´©z [15] ¤�½� w = 0.5.ù¿ØKǑ¢���J. ã 2 ¥Æ·� PDF �Ä
ü��mºÝ�m��Å'X, ���uü�mºÝe���Æ· PDF, ã 2 U
Jø�õ�Æ·©Ù&E.d	,|^ª (20)Úª (21)O�TúÚ¤RUL3ü��mºÝ t e� PDF, ¿|^aq��{O

ã 1 ØÓ�mºÝeúÚ¤�¤£Xê
Fig. 1 Gyroscopic drifts under different time scalesL 1 #3 úÚ¤��.ëê�O(J

Table 1 Estimated parameters based on degradation path #3�mºÝ λ0 λ1 λ2 σB σW ℓ(ϕ̂|x) AIC

t −2.8959E−3 3.0662E−3 − 1.0845E−2 − 18.8689 −31.7378

τ −3.5932E−3 − 1.1095E−2 − 1.1251E−2 23.4324 −40.8648

[t, τ ] 3.6148E−3 9.5126E−5 1.1440E−2 1.8146E−5 5.5160E−3 24.9530 −39.9060
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ã 2 V�mºÝeúÚ¤Æ·� PDF

Fig. 2 PDF of gyroscope #3 under bivariate time scale�ü��mºÝ τ eúÚ¤��{Æ·�©Ù. Ó�, Ǒ
þz'�V�mºÝÚü�mºÝe�{Æ·ýÿ�O(5, Ú\þ�Ø� (Mean squared

error, MSE) �I. T�IQ�Ä
 RUL ýÿ��O(5, q�Ä
 RUL ©Ù�Ø(½5, ´ RULýÿ¥�~^��I. Ù½ÂǑ
MSEk =

∫ ∞

0

(
lk − l̃k

)2

fLk|θ,M2
( lk| θ,M2)dlkÙ¥, l̃k Ǒ�� tk �Ǒ�ý¢ RUL, � RUL ;�/©Ù3��ý¢� RUL ±��, MSEk �����, RUL �O�(JǑÒ�O(.ã 3 (a) Úã 3 (b) ©O�Ñ
�mºÝ t eÏLV�mºÝÚü�mºÝ����� RUL �

PDF, =�{Ñ�Æ·� PDF. N´wÑ, ÏLV�mºÝ���(J, =�ÄÑ�L§¥ÿÁé5Uòz�KǑ�, ��� RUL � PDF �;�, `²ýÿ�Ø(½5��, O(Ý�p. lã 4 ¥�
MSE (J, UwÑÏLV�mºÝ�� RUL �O�MSE ²w�uÏLü�mºÝ���(J, ?�Úy¢
¤J�{�O(5.3�mºÝ τ e, ü«�{��úÚ¤ RUL �
PDF ©OXã 5 (a) Úã 5 (b) ¤«. �N
ó, ã
5 ¥� PDF ­��'u�mºÝe�(J�;�.ÏǑúÚ¤�òzÌ�´duÏ>ÿÁÚå�, Ï>�m�òzL§��'§Ý�p. ã 6 ¥ MSE��uã 4 ¥�(J. é'ã 5 (a) �ã 5 (b) ��,3�mºÝ τ e, ÏLV�mºÝ��� RUL �O�O(, dV�mºÝ��� RUL éA�MSE ²w�uÏLü��mºÝ��(J.nÜ±þ©Û(J, ÄuV�mºÝòzï�� RUL ýÿ�{kü�²w`:. 1) T�{�Ä
ØÓ�mºÝ�m��Å'X, UJø��¡���Æ·&E; 2) ýÿ(JU��B/ò=z�ü�mºÝe, �=z��(J'Äuü�mºÝò

z�.�ýÿ�{°Ý�p.

5 (Ø�éó§¢S¥�a5UCzL§�ü��mºÝ�'é��Åòz��, �©JÑ
�«Äu
Wiener L§�V�mºÝ�Åòzï�� RUL �O�{. ÏL�ÅXê, Ǒx�mºÝ�m�Ø(½'X. 3Ä��m¿Âe, í�
V�mºÝe��

ã 3 �mºÝ t eúÚ¤ RUL � PDF

Fig. 3 PDF of RUL under time scale t

ã 4 ;��mºÝeM1 ÚM2 e�{Æ·ýÿ�MSE

Fig. 4 MSE comparison of M1 and M2 under time scale t
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ã 5 �mºÝ τ eúÚ¤ RUL � PDF

Fig. 5 PDF of RUL under time scale τ

ã 6 uÿ�mºÝeM1 ÚM2 e�{Æ·ýÿ�MSE

Fig. 6 MSE comparison of M1 and M2 under time scale τÆ·Ú RUL �©Ù, �Ñ
Äu��{¤*ÿêâ��.ëê4��O�{. úÚ¤ RUL ýÿ�¢~A^(JL², ¤J�{Ø=UJø��¡�
RUL ©Ù&E, 
�ýÿ(JU�B/=��ü�mºÝe, ¿k�Jpü�mºÝe RUL ýÿ�O(5.Ǒ,¤JÑ�{��
��{k�½�U?,�Ek�
¯K��?�ÚïÄ. 1) Äu WienerL§��.��·Üé�üNòzL§?1ï�,


ó§¢S¥Ǒ�3�þ��üN��ÅòzL§, Ïd§�±æ^��©aq�g´, �ïÄu
Gamma L§½ö_pdL§�V�mºÝòz�.; 2) Ǒ,8
©z¥JÑ
�
ò��5òzL§=zǑ�5z�.?1©Û��{, �ó§¢S¥�3�
J±�5z�òzL§, Ïd, k7�3��5zµeeò¤J�V�mºÝòz�.?1*�; 3) ó§¢S¥�UQklÑ��mºÝ (~X¿�>gê!Ì�gê�), qkëY��mºÝ
(~Xg,�m!;��m�), XÛ£ãØÓ�mºÝ�m�'X, ¿òÙK\�V�mºÝòz�.¥��?�ÚïÄ; 4) V�mºÝ���êâ©Û�.´�3�, y¢¥k�
XÚÓ�k��êâÚòzêâ, XÛé3V�mºÝe¢yé��êâÚòzêâ�éÜ©Û, k�?�Ú�Ä.
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