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Observer-based Networked HHH
∞∞∞

Control for Dualrate Sampling Systems

MA Wei-Wei1 JIA Xin-Chun1 ZHANG Da-Wei1

Abstract The networked H∞ control for a class of dualrate sampling systems with network transmission delays and

packet losses is investigated. State variables of the plant are assumed to be split into two sub-vectors. All state variables

of the two sub-vectors are periodically sampled by two types of sensors, respectively, which each type of sensors has a

different sampling rate. The two sampled sub-vectors are separately transmitted to the controller node over an imperfect

network. Considering the dualrate sampling, network transmission delays and packet losses, a synchronized observer is

introduced to estimate the state variables of the plant, and a controller based on the estimation is designed to stabilize

the dualrate sampling system. Based on the above idea, a networked control system with dualrate sampling is modeled

as a continuous-time system with two time-varying delays. By Lyapunov-Krasovskii functional method, some results of

stability criterion and controller design for the system are obtained in terms of matrix inequalities (MIs). At last, some

numerical examples are given to illustrate the effectiveness of the proposed method.

Key words Dualrate sampling systems, observer-based H∞ control, time-varying delay systems, networked control

systems
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§���ó§+�. ,
, �ä�Ú\ǑǑXÚ�5
#�℄Ô, X�äp��¢!êâ�¿��[1−3] .êiæ�XÚ3nØïÄÚ¢SA^¥ÑÉ�2�'5[4−10] , du§kX�
²w�`³, ~X, �p���°Ý!���­½5!û��Z6³�±9Ï^5r�, 
ÙüÇæ�XÚ®²É�
2�ïÄ[4−7] . ,
, 3�
¢Só�A^¥, ¤kþÿ©þ�^�Ó�æ�±ÏÓÚ?1æ�%1ØÏ. ��¡, 3�8¥æ�XÚ¥, ¤k�þÿ¿�3Ó��Ôn � (!:), ��!:�æ�êâI��Õá��DÑ, d�, ��¤k!:æ�!��ÚDÑ3�mþÓÚ´(J�. ,��¡, z��þÿ©þæ�±Ï�ÀJÉ�õ«Ï��å. 3éõ�/e, Ǒ¤kþÿ©þÀJ�Ó�æ�±Ï´(J�vk7��. Äk, þÿ©þæ�±Ï�ÀJÉ�g��mA5�



10Ï ê���: VÇæ�XÚ�Äu*ÿì��äz H∞ �� 1789�å. ~X, 3>bÚ�õA^¥, zÆ©Û¤Ú�
l�ÿþ��3&Òæ��
I�O�ó�; 3Åì<Ú�E�XÚ¥, ÿþ´ÏLã�?n5?1Àú�", §�ÑI�����mâU¢yæ�,ùÒ��
��æ�±Ï. Ùg, æ�±Ï�ÀJÉ�k�XÚ℄
��å. 3ùaXÚ¥, �+XÚ�þÿ©þØJÿþ, ,
Lõ�ÿþ%´Ø�U�,ÏǑXÚI��õ�℄
^uÙ�8�, ~X, O�ÅM�°ÄpÑXÚ�Ö�Þ½ A^[9]. ��, æ�±ÏÀJ�É�Ù¤^Daì�å. 3��ÔnXÚ¥, ØÓþÿ©þ�U�^ØÓa.�Daìæ�, duù
Daì�ó��nØ��Ó, §��n�æ�ªÇ«m�U����, $�vk�8, ùÒ��¤kþÿ©þÀJ�Ó�æ�±ÏØ´¢y$�Ø�U¢y. ~X, 3�ýî���¥,  £Ú�Ý  �^�Ñ�Daì, 
Æ�ÝÚî{ÆK�^úÚ¤Daì, ùü|Daì u�ý�ØÓ �, eùüaDaìÀJ�Ó�æ�±ÏÓÚæ�, Ø�Ø´¢y, 
��¬O\XÚ℄
�Ñ, ~���Æ·. Ïd, éudaXÚ, ØUÀJüÇæ��{, I��âXÚAÆǑØÓ�©þÀJÜ·�æ�±Ï.�+�*þÀJ���æ�±Ïk|uJpXÚ�¢���5U, ,
, 3¢S���XÚ¥, ~�æ�±Ï¿�X�õ�æ�!�õ�êâDÑÚêâ?n±9�p��O¤�, ù¬���äDÑêâ�ÏP×
¿�, ?
KǑþÿêâ�|^ÇÚ���¢�5. Ïd, æ�±Ï�ÀJ¿�����, L��æ�±ÏQØ�½U�y�p�XÚ5UÚû��¢�5q�U�5Lp��O¤�. 
O�æ�±Ï�+¬ü$¤�, Jpêâ�|^Ç,%J±�y¤¼��þÿ©þ&E�¢�5, l
�z��XÚ5U$���XÚØ­½. Ïd, éu��æ�XÚ, z��þÿ©þæ�±Ï�ÀJI�ò¥/�Ä��5U!��¢�5!¤�9Ôn�15�Ï�. nÜ�Ä±þÏ�, ǑØÓa.�þÿ©þÀJØÓ�æ�±Ï´�«g,�ÀJ, ù«æ�üÑ�¡ǑõÇæ�, ùaæ�XÚ�¡ǑõÇæ�XÚ. w,, õÇæ�XÚ�ïÄ´��äk­�nØ¿ÂÚ²wA^d��ïÄ�K.l 20 ­V 50 
�±5, ®²JÑ
éõ'uõÇXÚ�ï�Ú���{[8−16] . ©z [10] ���^*�� z C��{ïÄ
õÇXÚ�Ñ\ÑÑ¯K. Kalman �[11] Äg�^G��m�{5ïÄõÇXÚ�ï�¯K. ,	, �éæ�±Ï�knê'~�å��5õÇXÚ, J,Eâ[12−13] ��B/òÙ�dǑ����½æ�±Ï T0 �üÇ�ØCXÚ5ïÄ, Ù¥ T0 ´XÚ¤k±Ï���ú�

ê. ©z [14] Äu��Ö��g�ïÄ
�õÇÑÑüÇÑ\�VÇ�5XÚ��ê	½¯K. ©z
[15] ïÄ
ÑÑõÇæ�eëY�5é����G�*ÿì�O¯K. ©z [16] Äu�.�{ïÄ
�k½~�ä�¢ÚüÇæ�õÇ�1ì�#��5lÑXÚ�	½¯K.yk?nõÇæ�XÚ�Ì��{k: Äu zC��D4¼ê�{[10, 17] ÚÄulÑG��m�.�J,Eâ�{[12−13, 18]. éuüÑ\üÑÑ��5XÚ, Äu z C��D4¼ê�{BuéXÚ?1��Úª�©Û. ,
, éuõÑ\õÑÑ!�CXÚ!�¢XÚ!��5XÚ9�ÅXÚ, Äu zC��D4¼ê�{%J±édaõÇXÚ?1ï�Ú­½5©Û. éuJ,Eâ, §U
r�5õÇXÚ�d/=zǑ���5üÇXÚ, ¿U¢y���XÚ5UÚ��ì�O. ,
, éu�
¢S�Ôné�, J,Eâ%éJ¢yXÚ�ï�!©ÛÚ�O. ��¡´du�
ëY�Ôn��J±¼��°(�lÑz�.$�ØUlÑz, ~X, XÚk�C�¢!	ÜZ6!��59Ø(½5�. ,��¡, J,EâI�b�õ�æ�Ç�m¤knê'~'X, éu�
Daì��Næ�ªÇ���Ä��/, ÀJæ�±Ï���æ�±Ï¤Ün�knê'~'X´Ø´¢y�. ÏǑØÜ·�æ�±Ï¬��§����ú�êé�, ?
���p��lÑ�.Ú(J, ùǑê�þéõÇXÚï�!©ÛÚ�OO\
(J.�©ïÄ�aVÇæ�XÚ��äz H∞ ��¯K. �Ä���é�G�ÏØÓæ�ªÇ
ØUÓ���¼��y�, òG�Cþ�VÇæ�L§w¤�a��/ª�ÑÑ. ~X, ��VÇæ�XÚkü�G�©þ: x1(t) Ú x2(t), Ùæ�±Ï©OǑ: 0.1 s Ú 0.2 s, P T = 0.2 s, éG�?1VÇæ�¿�±�#æ�êâ, ÙÑÑ&Ò�±�ǑxǑXe��ÑÑ/ª
yyy(t) =











[x1(iT ), x2(iT )]
T

, t ∈ F1i

[

x1

((

i +
1

2

)

T

)

, x2(iT )

]T

, t ∈ F2iÙ¥, F1i = [iT, (i+ 1
2
)T ), F2i = [(i+ 1

2
)T, (i+1)T ),

i áu�K�ê8Ü. 5¿�, �+G�©þ x1(t)Ú x2(t) Ñ�ÿ, �§��æ�&E%ØU9�ÓÚ/¼�.�©Ì��zk: 1) DÚ�J,EâÚÄu zC��D4¼ê�{��üaæ�±Ï¤knê'~'X, ,
�©¤J�{Ø��üaæ�±Ïäkù��'X, ¿�Ä
�äDÑ�¢Ú¿�y�;
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2) éuVÇæ�¤Úå��©þæ�ØÓÚ5, �O��*ÿì5ÓÚ�Oé�G�, ¿Ú\Äu*ÿìG���"��, ¢y
VÇæ�XÚ��äz H∞ ��.PÒ 1. diag{A,B} L«dÝ
 A Ú B |¤�éÆ¬Ý
 [ A 0

0 B ]. [ A ∗

C B ] ¥� ∗ L«��é¡Ý
�éA¬Ý
. ⌊·⌋ Ǒ�e��¼ê. I L«·��ê�ü Ý
. In L« n ��ü Ý
. 0 L«·��ê�"Ý
. 0n×m L« n 1m ��"Ý
.

N0 L«�K�ê8Ü. , L«Cþ½Ý
Cþ�½ÂÎÒ. sgn(·) L«ÎÒ¼ê. L2 [0,∞) L«½Â3 [0,∞) þ� Lebesgue ²��È¼ê�m.

1 �.�¯K£ã�ÄXe�5�ØCXÚ
{

ẋxx(t) = Axxx(t) + Buuu(t) + Bωωωω(t)

zzz(t) = Cxxx(t) + Dωωωω(t)
(1)Ù¥, xxx(t) ∈ R

n, zzz(t) ∈ R
m, uuu(t) ∈ R

p Ú ωωω(t) ∈

R
l ©O´XÚG�!��ÑÑ!��Ñ\Ú	ÜZ6&Ò, � ωωω(t) ∈ L2 [0,∞). A, B, Bω, C Ú Dω©OǑ·��ê�~Ý
.ã 1 £ã
�a�üý�ä�VÇæ�XÚ��äz H∞ ��(�ã. ��é��ØÓæ�ªÇ�ü|Daì S1 Ú S2 æ�, æ��G�&E©OÏL�äDÑ���ì!:. 3��ì!:, "��±ì (Zero-order holders, ZOHs) ^5�±G���OØ�, ,�, Äu*ÿì���ì (Observer-

based controller, OBC) |^�±�k
Ø�5�O��é��
G�, ¿ÑÑ��&Ò, Ù¥3��ìà�*ÿìG�� S′

1 Ú S′

2 VÇæ���;3�Àì¥, ^uO�*ÿì�æ�G����é��æ�G��m�Ø�.

ã 1 �aVÇæ�XÚ��äz��(�ã
Fig. 1 Diagram of networked control for a class of

dualrate sampling systemsé��G� xxx(t) ´�ÿ�, �ü|æ�ªÇØÓ�Daìæ�. Ø�b�Daì| S1 éG�©�

þ xxx1(t) ±±Ï T1 æ�, Daì| S2 éG�©�þ xxx2(t) ±±Ï T2 æ�, �P:

xxx1(t) = [xxxT
1,1(t),xxx

T
1,2(t), · · · ,xxxT

1,n1
(t)]T∈ R

n1

xxx2(t) = [xxxT
2,1(t),xxx

T
2,2(t), · · · ,xxxT

2,n2
(t)]T∈ R

n2

xxx(t) = [xxxT
1 (t),xxxT

2 (t)]TÙ¥, xxxi,j(t) (i = 1, 2; j = 1, 2, · · · , ni) ´G�©þ, n = n1 + n2, T1 6= T2. ²LVÇæ��, G�©�þ xxx1(t) �æ�S�Ǒ {xxx1(kT1)}k∈N0
, G�©�þ xxx2(t) �æ�S�Ǒ {xxx2(kT2)}k∈N0

. 5¿�, e
xxx(t) 6= [xxxT

1 (t),xxxT
2 (t)]T, G�C��±�G�Cþ­#ü�, �y1�|G�CþÚ1�|G�Cþ©O3��G��þ�1�Ü©Ú1�Ü©.Ǒ
éVÇæ�XÚ?15U©ÛÚ��ì�O, �©�Xeb�:b� 1.G�©þ xxx1(t) Ú xxx2(t) �Õá/æ�¿ÏL�äDÑ���ìà. êâ�æ�!?n9O��m�ÑØO, ��Ä�ä�DÑ�¢Ú¿�y�. �äÑÖ�þ´®��, ÏL�äDÑ�üaêâ��¿�©OÉ���#NëY¿�ê d1 Ú

d2 �å, d1, d2 ∈ N0; �äDÑ�¢þ!e.©OǑ
τ̄ Ú τ , τ̄ > τ > 0, §�Ñ´®���äëê.b� 2.3ã 1 ¥, �Àì�±Õá/�\ÚÖ�õ|êâ. *ÿìdëYXÚ¢y. *ÿì!��ìÚ�1ì´3Ó��Ôn«�.Daì S1 Ú S2 à���ìàI�ÏL�n��ä5DÑæ�&Ò, 
�n��ä�Ú\¬��æ�êâ���ò�Ú¿�. Ï
, � r1

kT1 ´©�þ {xxx1(kT1)}k∈N0
1 k �¤õ����ìà��mZ, r2

kT2 ´©�þ {xxx2(kT2)}k∈N0
1 k �¤õ����ìà��mZ, xxx1(r

1
kT1) ¤õ����ìà��ǑǑ r1

kT1 + τ1k, xxx2(r
2
kT2) ¤õ����ìà��ǑǑ r2

kT2 + τ2k, K�âb� 1 é�äÑÖ�þ�b�, é s = 1, 2 k
τ ≤ τsk ≤ τ̄ , 1 ≤ rs

k+1 − rs
k ≤ (ds + 1) (2)3��ì�Ñ\à, Ú\����G�*ÿì5�Oé�G�, Äu*ÿìG�5�O��ì.�*ÿì�OG�Ǒ x̂xx(t), Ù¥, x̂xx(t) = [x̂xxT

1 (t),

x̂xxT
2 (t)]T, x̂xx1(t) ´é�G�©�þ xxx1(t) ��O,

x̂xx2(t) ´é�G�©�þ xxx2(t) ��O, §���OØ�©OPǑ: eee1(t) = xxx1(t) − x̂xx1(t), eee2(t) = xxx2(t)

− x̂xx2(t). �Àì�G�d bbb1
k Ú bbb2

k ü�G�©�þ|¤. *ÿì�G�©�þ x̂xx1(t) 3 {kT1|k ∈ N0}�Ǒ�Daì S′

1 ±±Ï T1 æ�¿�#�Àì�G� bbb1
k, x̂xx2(t) 3 {kT2|k ∈ N0} �Ǒ�Daì S′

2 ±±Ï T2 æ�¿�#�Àì�G� bbb2
k. é s = 1, 2,
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bbb

s

k = [x̂xx
T
s (kTs), · · · , x̂xx

T
s ((k − hs)Ts)]

T§± Ts Ǒ±Ï�#, �#5KXe
bbb

s

k+1 = [x̂xx
T
s ((k + 1)Ts), Fbbb

s

k]
TÙ¥, F = [In̄s

, 0n̄s×ns
], n̄s = nshs. ~X, � 0 < τ̄

< Ts �, hs = 0, bbbs

k = x̂xxT
s (kTs). � iTs ≤ τ̄ < (i+

1)Ts �, hs = i. 3¢S�O¥, �Àì��;�Ý�±dDÑ�¢þ. τ̄ Úæ�±Ï Ts (½.ã 1 ¥"��±ì (ZOHs) äk�½�Ü6�äÚO�õU, �©�þæ�&Ò xxxs(r
s
kTs) (s = 1,

2) 3�Ǒ rs
kTs + τsk ¤õ����ìà�, O���l�Àì¥Ö� x̂xxs(r

s
kTs), ¿O�Ú�±Ø�

eees(r
s
kTs), �Ǒ*ÿìÚ��ìÑ\, ��e���#�Ǒ.� rs

kTs + τsk ≤ t < rs
k+1Ts + τs(k+1) �,P ls(t) = rs

kTs (s = 1, 2), ls(t) �L©�þ
{xxxs(kTs)}k∈N0

3�Ǒ t �
¤õ����ìà��#æ��Ǒ.d�, τ ≤ τsk ≤ t−ls(t) = t−rs
kTs <

(rs
k+1 − rs

k)Ts + τs(k+1) ≤ (ds + 1)Ts + τ̄ .Ú\Xe��Äu��G�*ÿì���ì
{

˙̂xxx(t) = Ax̂xx − L1eee1(l1(t)) − L2eee2(l2(t)) + Buuu(t)

uuu(t) = Kx̂xx(t) + K1eee1(l1(t)) + K2eee2(l2(t))

(3)Ù¥, L1 Ú L2 Ǒ�½�*ÿìO�Ý
, K, K1ÚK2 Ǒ�½���ìO�Ý
, x̂xx(t) ∈ R
n Ú uuu(t)

∈ R
p ©O´*ÿìG�Ú��&Ò.½Â τ1(t) = t − l1(t) Ú τ2(t) = t− l2(t), Kk

τ < τ1(t) ≤ τ̄ + (d1 + 1)T1 := τ̄1 Ú τ < τ2(t) ≤ τ̄

+ (d2 + 1)T2 := τ̄2.(Üª (1) Úª (3), rVÇæ���äz��XÚï�Ǒ���kü��C�¢�ëYXÚ






˙̃xxx(t) = Āx̃xx(t) +
2

∑

i=1

Āix̃xx(t − τi(t)) + B̄ωωω(t)

zzz(t) = C̄x̃xx(t) + Dωωωω(t)

(4)Ù¥,

x̃xx(t) = [ x̂xxT(t), eeeT(t) ]T, eee(t) = [ eeeT
1 (t), eeeT

2 (t) ]T

Ā =

[

A + BK 0

0 A

]

, E1 =

[

In1
0

0 0

]

Ā1 =

[

0 (BM − L)E1

0 LE1

]

, E2 =

[

0 0

0 In2

]

Ā2 =

[

0 (BM − L)E2

0 LE2

]

, B̄ =

[

0

Bω

]

M =
[

K1 K2

]

, L =
[

L1 L2

]

C̄ =
[

C C
]Ïd, VÇæ�XÚ��äz H∞ ��¯K�=zǑïÄ�C�¢XÚ (4) 3�½ H∞ 5U γ e�ìC­½5¯K. �©�ïÄ8I´�OÄu*ÿì���ì (3), ��XÚ (4) 3�½� H∞ 5U

γ eìC­½, =
1) � ωωω(t)≡0 �, XÚ (4) ´ìC­½�;

2) ��©G� x̃xx0(t) = 0, éu?¿�	ÜZ6
ωωω(t) ∈ L2[0,∞), ��ÑÑ zzz(t) ÷v

∫

∞

0

zzzT(t)zzz(t)dt ≤ γ2

∫

∞

0

ωωωT(t)ωωω(t)dt5 1. 3ª (4) ¥, p��¢ τs(t) (s = 1, 2) ´d©�þ xxxs(t) �æ�!�CDÑ�¢Ú¿�5½Â�. §�e. τ s d�äDÑe. τ (½, = τ s =

τ ; §�þ. τ s d xxxs(t) �æ�±Ï Ts!�äDÑ�¢þ. τ̄ Ú���#NëY¿�ê ds (½, = τ̄s

= τ̄ + (ds + 1)Ts. éuüÇæ���ä��XÚ,

τ1(t) = τ2(t), �éu�©ïÄ�VÇæ���äzXÚ, τ1(t) 6= τ2(t).5 2. du��é��ØÓþÿ©þ�ÔnAÆØÓ, Ùæ��DaìØÓ, Ï
��ØÓþÿ©þ�¢Sæ�ÇØ��5. éd, XJ�^üÇæ�, Ï~æ^��æ�±Ï��ÓÚæ�5?n�Üþÿ©þ[18]. ùÒ��
,
þÿ©þ&EØU�9�æ�Ú|^. 
�©�VÇæ��'uüÇæ�, QU
9�æ��þÿ©þ, qU
9�|^ÿþ&EÏLÄu*ÿì���ì (3) )¤��&Ò.

2 Ì�(Ø�!�3Äu Lyapunov-Krasovskii �¼�{,�ÑXÚ (4) 3�½� H∞ 5Ue�­½5�âÚ��ì�O�{.

2.1 HHH∞∞∞ 5U©Û½n 1.éu�½���ìO� K ÚM , *ÿìO� L, H∞ 5U γ > 0, ±9 0 < τ < τ̄1, 0 < τ

< τ̄2, XJ�3�½Ý
 P > 0, R11 > 0, R12 > 0,

R21 > 0, R22 > 0, Q1 > 0 Ú Q2 > 0, ��±e�5Ý
Ø�ª¤á:

Π + ΦT
1 RΦ1 + ΦT

2 Φ2 < 0 (5)
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R = τ̄ 2
1 R11 + (τ̄1 − τ )2R12 + τ̄ 2

2 R21 +

(τ̄2 − τ)2R22

Φ1 =
[

Ā Ā1 0 Ā2 0 B̄
]

Φ2 =
[

C̄ 0 0 0 0 Dωωω

]

Π =























Π11 ∗ ∗ ∗ ∗ ∗

ĀT
1 P Π22 ∗ ∗ ∗ ∗

R11 R12 Π33 ∗ ∗ ∗

ĀT
2 P 0 0 Π44 ∗ ∗

R21 0 0 R22 Π55 ∗

B̄TP 0 0 0 0 −γ2I























Π11 = ĀTP + PĀ − R11 − R21 + Q1 + Q2

Π22 = −R12, Π33 = −Q1 − R11 − R12

Π44 = −R22, Π55 = −Q2 − R21 − R22KXÚ (4) 3�½� H∞ 5U γ e�ÛìC­½.y². ÀJXe Lyapunov-Krasovskii �¼
V (t) = V1(t) + V2(t) + V3(t) (6)Ù¥,

V1(t) = x̃xxT(t)Px̃xx(t)

V2(t) =

∫ t

t−τ̄1

x̃xxT(s)Q1x̃xx(s)ds +

τ̄1

∫ 0

−τ̄1

∫ t

t+θ

˙̃xxx
T
(s)R11

˙̃xxx(s)dsdθ +

(τ̄1 − τ)

∫

−τ

−τ̄1

∫ t

t+θ

˙̃xxx
T
(s)R12

˙̃xxx(s)dsdθ

V3(t) =

∫ t

t−τ̄2

˙̃xxx
T
(s)Q2

˙̃xxx(s)ds+

τ̄2

∫ 0

−τ̄2

∫ t

t+θ

˙̃xxx
T
(s)R21

˙̃xxx(s)dsdθ +

(τ̄2 − τ)

∫

−τ

−τ̄2

∫ t

t+θ

˙̃xxx
T
(s)R22

˙̃xxx(s)dsdθ

V (t) ÷XXÚ (4) �;,é t ��, k
V̇ (t) = 2 ˙̃xxxTPx̃xx + x̃xxT(t)Qix̃xx+

2
∑

i=1

(

˙̃xxxT(t)(τ̄ 2
i Ri1 + (τ̄i − τ)2Ri2) ˙̃xxx(t)−

(τ̄i − τ)

∫ t−τ

t−τ̄i

˙̃xxx
T
(s)Ri2

˙̃xxx(s)ds(t)−

τ̄i

∫ t

t−τ̄i

˙̃xxx
T
(s)Ri1

˙̃xxx(s)ds−

x̃xxT(t − τ̄i)Qix̃xx(t − τ̄i)
)é i = 1, 2, ©O|^ Jensen Ø�ª, ��:

− (τ̄i − τ)

∫ t−τ

t−τ̄i

˙̃xxx
T
(s)Ri2

˙̃xxx(s)ds ≤

− (τ̄i − τ)

∫ t−τi(t)

t−τ̄i

˙̃xxx
T
(s)Ri2

˙̃xxx(s)ds ≤

[

x̃xx(t−τi(t))

x̃xx(t−τ̄i)

]T [

−Ri2 Ri2

Ri2 −Ri2

][

x̃xx(t−τi(t))

x̃xx(t−τ̄i)

]

− τ̄i

∫ t

t−τ̄i

˙̃xxx
T
(s)Ri1

˙̃xxx(s)ds ≤

− (x̃xx(t) − x̃xx(t − τ̄i))
TRi1(x̃xx(t) − x̃xx(t − τ̄i))�n, k

V̇ (t) + zzzT(t)zzz(t) − γ2ωωωT(t)ωωω(t) ≤

ζζζT(t)(Π + ΦT
1 RΦ1 + ΦT

2 Φ2)ζζζ(t) < 0 (7)Ù¥, ζζζT(t) = [x̃xxT(t), x̃xxT(t− τ1(t)), x̃xx
T(t− τ̄1), x̃xxT(t

− τ2(t)), x̃xx
T(t − τ̄2),ωωω

T(t)].w,, � ωωω(t) ≡ 0 �, dØ�ª (5) �� V̇ (t)

< 0. =XÚ (4) 3�Z6^�eìC­½.�"�©^��, éØ�ª (7) �!mü>©Ol 0 �∞ ?1È©, ��:
∫

∞

0

zzzT(t)zzz(t)dt − γ2

∫

∞

0

ωωωT(t)ωωω(t)dt ≤ 0Ïd, XÚ (4) 3�½� H∞ 5U γ e�ÛìC­½. �

2.2 Äu*ÿì���ì�O½n 2. éu�½��Iþ γ > 0, 0 < τ < τ̄1,

0 < τ < τ̄2, XJ�3�½Ý
 X11 > 0, X221 > 0,

X222 > 0, R̃kk
ij > 0 (i, j, k = 1, 2), Q̃kk

i > 0 (i, k =

1, 2), Ú�é¡Ý
 K̃, M̃ , L̃, R̃kl
ij (i, j, k, l = 1, 2,� k > l), Q̃kl

i (i, k, l = 1, 2, � k > l), ��±eÝ
Ø�ª¤á


























Γ11 ∗ ∗ ∗ ∗ ∗ ∗ ∗

ΓT

71 Γ22 ∗ ∗ ∗ ∗ ∗ ∗

R̃11 R̃12 Γ33 ∗ ∗ ∗ ∗ ∗

ΓT

72 0 0 Γ44 ∗ ∗ ∗ ∗

R̃21 0 0 R̃22 Γ55 ∗ ∗ ∗

B̄T 0 0 0 0 −γI ∗ ∗

Γ71 Γ72 0 Γ74 0 B̄ Γ77 ∗

C̄X 0 0 0 0 Dωωω 0 −γI



























< 0

(8)
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R̃ij =

[

R̃11
ij ∗

R̃21
ij R̃22

ij

]

> 0, i, j = 1, 2 (9)

Q̃i =

[

Q̃11
i ∗

Q̃21
i Q̃22

i

]

> 0, i, j = 1, 2 (10)Ù¥,

Γ11 = Γ71+ΓT
71 − R̃11 − R̃21+Q̃1 + Q̃2

Γ22 = −R̃12, Γ33 = −Q̃1 − R̃11 − R̃12

Γ44 = −R̃22, Γ55 = −Q̃2 − R̃21 − R̃22

R̃ = τ̄ 2
1 R̃11+(τ̄1 − τ)2R̃12+ τ̄ 2

2 R̃21 + (τ̄2 − τ)2R̃22

Γ71 =

[

AX11 + BK̃ 0

0 AX22

]

Γ72 =

[

0 (BM̃ − L̃)E1

0 L̃E1

]

Γ74 =

[

0 (BM̃ − L̃)E2

0 L̃E2

]

Γ77 = −XR̃−1X

X =

[

X11 0

0 X22

]

, X22 =

[

X221 0

0 X222

]KXÚ (4) 3�½� H∞ 5U γ > 0 e�ÛìC­½, ª (3) ¥�*ÿìO�Ú��ìO�©Od
L = [L1, L2] = L̃X−1

22 , K = K̃X−1
11 9 [K1,K2] =

M̃X−1
22 �Ñ.y². é½n 1 ¥�Ø�ª (5), �^ Schur ÖC�, k







Π ∗ ∗

Φ1 −R−1 ∗

Φ2 0 −I






< 0 (11)�H = γ−

1

2 diag{X,X,X,X,X, I, γI, γI}, éØ�ª (11) ��!mü>©O�±éÆ¬Ý
 H,¿�
X = γP−1 = diag{X11,X22}

X22 = diag{X221,X222}

R̃ij = γ−1XRijX, R̃ij = γ−1XRijX

Q̃i = γ−1XQiX

K̃ = KX11, M̃ = MX22

L̃ = LX22, i = 1, 25¿�:

(BM − L)E1X22 =

[(BK2 − L1)X221, 0] = (BM̃ − L̃)E1

(BM − L)E2X22 =

[0, (BK3 − L2)X221] = (BM̃ − L̃)E2

γR−1 = X(γ−1XRX)−1X = XR̃−1X¤á, 2éª (9) ?1±þO�, �¼�ª (8). ,	, é½n 1 � Rij, Qi (i = 1, 2; j = 1, 2) ?1O�Ú©)��ª (9). �5 3.���#N��¢þ. τ̄s (s = 1, 2) �±d½n 2 ��, §´dDÑ�¢þ. τ̄ Ú���#N�ëY¿�þ. ds |¤. 3¢SA^¥, �½n 2������#N��¢þ. τ̄s ���, ÀJÑÖ�þØp�ú��ä?1DÑ, d�, �±ÏL�äÑÖ�þuÿ5¼�Daì���ì!:�m��äDÑ�¢þ. τ̄!e. τ > 0 ±9¿�Ç α. Ǒ
(½���#NëY¿�þ. ds, rõg�äDÑ�¿�ÚØ¿�w¤��©Ù, ������ê
d̄, �� d̄ gëY¿��VÇ αd̄ < β (β Ǒé���ê), ,�, ò d̄ �Ǒ���#N�ëY¿�ê ds.e�#N�¢þ. τ̄s ���, KI��O;^�äÚÆÆ5�y½n 2 ¤����äDÑÑÖ�þÚ�#N��ëY¿�ê.½n 2 �Ñ
VÇæ�e�Äu*ÿì���ì (Observer-based controller for dual-rate sys-

tems, DROBC) �O�{. Ǒ
éVÇæ�ÚüÇæ�����{?1'�, e¡ò�Äé� (1) 3üÇæ����äz H∞ ��¯K. éuüÇæ�XÚ, ·�G��"��äk�O{ü!�p���°Ý9���	½5�`³[4] , Ïd, ±eüÇæ�XÚÀJ·�G��"?1�� (State feedback

controller for single-rate systems, SRSFC).�Ä��é� (1), XÚG� xxx(t) �Daì±±Ï T æ�, æ���êâÏL�n� (��C�¢Ú¿�) ��äDÑ���ìà, ��ìÚ�1ì3Ó��Ôn!:, ��ìÚ�1ì´¯�°Ä, =æ�&ÒDÑ���ì�, ��ìá=O���&Ò. ,	, �VÇæ��/��, TüÇæ�XÚǑØ�Ä��ìO��m!æ�ì�æ��m±9?èì�?è�m.Ǒ
���A�üÇæ�XÚG��"��ì�O^�. P xxx(t) æ�Ú����ì��mS�©OǑ {kT |k ∈ N0} Ú {rkT + τk|k ∈ N0}, Ù¥ rkTǑ1 k �¤õ����ìà��mZ, d ∈ N0 Ǒ�ä¤#N���ëY¿�ê, τ̄ Ú τ ©OǑ�ä�DÑ�¢þ.!e., ÷v 1 ≤ rk+1 − rk ≤ d + 1,

τ ≤ τk ≤ τ̄ . � t ∈ [rkT + τk, rk+1T + τk+1) �, À



1794 g Ä z Æ � 41òJ��ìǑ uuu(t) = Kxxx(rkT ), ½Â τ(t) = t − rkT .(Üé� (1), KüÇæ��G��"��XÚ�ï�Ǒ
{

ẋxx(t) = Axxx(t) + BKxxx(t − τ(t)) + Bωωωω(t)

zzz(t) = Cxxx(t) + Dωωωω(t)

(12)Ù¥, τ ≤ τ(t) ≤ τ̄ + (d + 1)T := η̄.íØ 1.éu�½��Iþ γ > 0, 0 < τ < η̄,XJ�3�½Ý
 X > 0, Q > 0, R1 > 0, R2 > 0,Ú�é¡Ý
W , ��±eÝ
Ø�ª¤á






















Ω11 ∗ ∗ ∗ ∗ ∗

W TBT −R2 ∗ ∗ ∗ ∗

R1 R2 Ω33 ∗ ∗ ∗

BT
ωωω 0 0 −γI ∗ ∗

AX BW 0 Bωωω Ω55 ∗

CX 0 0 Dωωω 0 −γI























< 0

(13)Ù¥,

Ω11 = XAT + AX − R1 + Q, Ω55 = −XR̃−1X

R̃ = η̄2R1 + (η̄ − τ)2R2, Ω33 = −Q − R1 − R2KXÚ (12) 3�½� H∞ 5U γ e�ÛìC­½,��ìO�d K = WX−1 �Ñ.y². Ǒ
Ú½n 1 '�, ÀJaq�
Lyapunov-Krosovskii �¼

V (t) = V1(t) + V2(t)Ù¥, V1(t) = x̃xxT(t)Px̃xx(t),

V2(t) =

∫ t

t−η̄

x̃xxT(s)Qx̃xx(s)ds +

η̄

∫ 0

−η̄

∫ t

t+θ

˙̃xxx
T
(s)R1

˙̃xxx(s)dsdθ +

(η̄ − τ)

∫

−τ

−η̄

∫ t

t+θ

˙̃xxx
T
(s)R2

˙̃xxx(s)dsdθ{ey²L§�½n 1 Ú½n 2 aq, É�Ì¤�,y²�Ñ. �5 4. 3 Lyapunov-Krosovskii �¼ (6) ¥, 1�� V2(t) �Ä
©�þ xxx1(t) �æ�±Ï!DÑ�¢Ú¿�&E, V3(t) �Ä
©�þ xxx2(t) �æ�±Ï!DÑ�¢Ú¿�&E. �©ÀJ� Lyapunov �¼´�a;.� Lyapunov-Krosovskii �¼�í2,§�¹
ü�©�þ xxx1(t) Ú xxx2(t) ØÓæ�±Ï�&E. ù�yk©z [14−15] k²w�ØÓ.

5 5. 3Ø�ª (8) Ú (13) ¥, Ø
��5�
“−XR̃−1X” ±	, ¤k ��Ý
¬Ñ®²´'u��Ý
���/ª, T��5���½n 2 ÚíØ 1 ØU���^ LMIs óä�)�. )ûda¯K����k��{´IÖ�5z�{[19]. ,	,du (X − aR̃)R̃−1(X − aR̃) ≥ 0 (Ù¥, a Ǒ�½��~ê, R̃ > 0), Ǒ�±���� “−XR̃−1X” Ǒ�5� a2R̃ − 2aI, ±¢y½n 2 ÚíØ 1 ^���5z. �'
ó, IÖ�5z�{�^S��)�5Ý
Ø�ª��{?1`zO�, �+§3�½§ÝþUü$�Å5, �Ǒ�5
��O�þ.5 6. =�ÀJüaDaìæ�±Ïk'X:

pT1 = qT2 (Ù¥, p!q Ǒp����ê), �du�ä�CDÑ�¢Ú¿�, ��z�¤õ����ìà�ü�©�þ��±�mØ¤knê'~'X,Ï
, ©z [16] Ú©z [18] ¥�J,EâØU^u�©ïÄ���CDÑ�¢Ú¿��VÇæ���äz��XÚ. ©z [14] Äu��Ö��g�ïÄ
æ�±Ï¤��'X�VÇæ�XÚ��ê	½¯K, ��J,Eâ�Ó, Äuæ�±Ï���g�ØU^u�©ïÄ���n��ä�VÇæ�XÚ.,	, �+�©Ú©z [15] ÑïÄ�´�5õÇæ�XÚ, ¿�^��G�*ÿì�Oé�G�, �ØÓ�´, ©z [15] ��Ä
õÇæ�XÚ�*ÿì�O, ¿vk�Ä�äÏ�éõÇæ�XÚ�KǑ,Ǒ��Ä��ì�O¯K.

3 ê�~f�!ÏL���á{�.��äz H∞ ��5�y�©¤J� DROBC �{�'u SRSFC �{äk²w`³Úk�5. �Äü«�/: 1) 3�½DÑ�¢þ!e.��¹e, lü��¡'�
 DROBC �{Ú SRSFC �{. ��¡, �½ H∞ 5U γ, 3ØÓæ�±Ïe'�
 DROBC�{Ú SRSFC �{��15, �y
�©¤J�
DROBC �{�'u SRSFC �{3�y H∞ 5U
γ �
JeUÀJ���æ�±Ï. ,��¡, '�
 DROBC �{Ú SRSFC �{�æ�±ÏO�, H∞ 5Ue. γmin �Czª³, �Ñ3�Ó�æ�±Ïe, DROBC �{k��� γmin, ��æ�±ÏO�, SRSFC �{�5U� γmin O\��u DROBC �{�5U� γmin O\. 2) 3��äp��¢!k.¿�9k�UþZ6�/e, �y

DROBC �{�k�5.�Ä���á{���.[20]

{

ẋxx(t) = Axxx(t) + Bu(t) + Bωω(t)

z(t) = Cxxx(t) + Dωω(t)
(14)
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A =















0 1 0 0

0 0 −
mg

M
0

0 0 0 1

0 0
g

l
0















, B =















0
1

M
0

−
1

Ml















Bω =













1

1

1

1













, C =
[

1 1 1 1
]

, Dω = 0.01Ù�CþÚëê©OǑ M = 10 kg ´���þ, m = 1kg ´{f��þ, l = 3 m ´{:��Ý, g = 9.8m/s
2 ´­å\�Ý. G� xxx(t) =

[

y ẏ θ θ̇
]T

, y ´{f� �, ẏ Ǒ{f��Ý,

θ Ǒ{f�{Æ, θ̇ Ǒ{f�Æ�Ý, z(t) ǑÉ�ÑÑÚ ω(t) Ǒ	ÜZ6&Ò. ÏL{ü�O�, XÚÝ
�AÆ�Ǒ 0, 0, 1.8074 Ú−1.8074, Ïd, ����Ñ\�, XÚ (14) ´Ø­½�. ÄuDaì�a., G��©¤ü�f�þ xxx1 = [y, ẏ]T Ú xxx2 =

[θ, θ̇]T. ÏǑ3ó�A^¥, ~~�^�(ÅDaì5þÿ xxx1, ={f� £Ú�Ý; 
�^úÚ¤Daì5þÿ xxx2, ={f�Æ�ÝÚî{Æ. ÄuDaìA5, ��(ÅDaì�æ�±ÏǑ T1, úÚ¤Daì�æ�±ÏǑ T2, � T1 > T2.�/ 1. �Ø�Ä�ä¿��, =��¿�ê
d1 = d2 = 0. �DÑ�¢þ. τ̄ = 0.1 s, e. τ =

0.01 s. ,	, d5 2, üÇæ��±Ï T �À�7L÷v T = max{T1, T2}. ,�, 3�½�H∞ 5UY² γ = 200 e, L 1 '�
3ØÓæ�±Ïe½n 2 (DROBC) ÚíØ 1 (SRSFC) ��15.�Ø�Ä�ä¿��, =��¿�ê d1 = d2 =

0. �DÑ�¢þ. τ̄1 = 0.1 s, DÑ�¢e. τ =

0.01 s, T1 = 2T2, T = T1. ã 2 �«
�Xæ�±Ï T �O��#N� H∞ 5UY²�e. γmin �Czª³.lL 1�±wÑ, DROBC�' SRSFCU
#N���æ�±Ï. ,	5¿�, � T1 = 0.2 s, T2 =

0.1 s �, DROBC �{E,�1; � T > 0.056 s �,

SRSFC �{Ø�1. 
��æ�±Ï¿�Xæ�þÚ�ä�DÑþÑ��A/O\, ?�Ú/¬���ä!:����mÚ¿�êǑ�A/O\, Ïd,3�y H∞ 5UÚ­½5�
Je, AT��UÀJ���æ�±Ï, ±�y�äU
¤õ/DÑ�õ�þÿ&E. e¡Ǒ
�Å/�� DROBC �{Ú SRSFC �{3�y H∞ 5U
Je��æ�þ�m�'X, Ø�� DROBC �{�æ�±ÏǑ T1

= 0.2 s, T2 = 0.1 s, SRSFC �{�æ�±ÏǑ T =

0.056 s, dL 1 �ü«��üÑÑU3�½� H∞5U γ = 200e�y�á{���. (14) �ìC­½5. ²L{ü�O���, 1 �S SRSFC �{I�æ� (1/0.056)× 4 ≈ 71 �êâ, 1 �S DROBC�{�I�æ� (1/0.2) × 2 + (1/0.1) × 2 = 30 �êâ, du���æ�êâ¬~�Daì!?èìK19~��ä℄
��Ñ, Ïd, �'u SRSFC �{, �©� DROBC �{U3��§Ý/~�æ�êâ�
Je�y
�½� H∞ 5U γ.

ã 2 ��H∞ 5UY² γmin �æ�±Ï TO\�Czª³
Fig. 2 Changing trend of the minimal H∞ performance

level as the sampling period T increasesdã 2 �±wÑ, ��Ó�æ�±Ï T �/�,�'u SRSFC�{, DROBC�{k���H∞5L 1 ØÓæ�±Ïe��15'�
Table 1 Comparison of the feasibility under different sampling periods

(T1, T2) (0.02, 0.01) (0.056, 0.028) (0.06, 0.03) (0.1, 0.05) (0.2, 0.1)

DROBC �1 �1 �1 �1 �1
T = max{T1, T2} 0.02 0.56 0.06 0.1 0.2

SRSFC �1 �1 Ø�1 Ø�1 Ø�1



1796 g Ä z Æ � 41òUe. γmin. elCzª³þw, æ�±Ï T ���, üöÑk�� γmin; ��Xæ�±Ï T �O�,

DROBC �{� γmin �úO�, 
 SRSFC �{�#N� γmin %�X T O�
¯�O�.�/ 2. �Ä��äp��¢!¿�Úk�UþZ6�XÚé�, �DÑ�¢þ. τ̄ = 0.1 s, DÑ�¢e. τ = 0.01 s, �ä�#N���ëY¿�ê d1

= d2 = 1, ü�ØÓ�æ�±Ï T1 = 0.04 s Ú T2 =

0.011 s, �5 5 ¥� a = 2.5, H∞ 5UY² γ = 35.d½n 2, �����ìÚ*ÿìO�Xe
K =

[

114.8 232.3 1 766 1 028
]

M =
[

41.92 88.71 717.6 423.1
]

L =













−1.915 −1.611 6.586 3.242

0.2478 −0.8840 −2.635 −1.693

−0.1604 −0.5017 −2.200 −1.414

0.2204 0.7808 −1.805 −0.7188











Ø��é���©G� xxx0 = [−1 0.2 0.5 0]T,*ÿì�©G�Ǒ [0 0 0 0]T, 	ÜZ6Ǒ
ω(t) =

{

sgn(sin(t)), e t ∈ [0, 10]

0, Ù�ã 3 �«
�k�UþZ6�VÇæ�XÚ3�äz��e�G�;,. ã 4 �«
�ä�¸e��k�UþZ6�é�Ú*ÿìG�Ø�. � t >

10 s �, ω(t) = 0, lã 3 Úã 4 �±wÑ, XÚG�;,Ú*ÿì�OØ�ÑU¯�Âñ��:. ù`²
�© DROBC �{3��C��äp��¢Úk�Uþ�	ÜZ6�éZ6³��k�5. ,	, 5¿�du�äDÑ�¢Ú¿���3, J,EâÚÄu z C��D4¼ê�{ØU^uT�/�ï�Ú©Û, �©¤JÑ� DROBC �{�±?nù«�/.

4 (Ø�©ïÄ
�aVÇæ�XÚ��äz H∞ ��¯K, Ù¥�Ä
�äDÑ�¢Ú¿�y�. Äu*ÿìé��é�G��ÓÚ�O, �O
G��"��ì. rVÇæ�XÚ��äz H∞ ��¯Kï�Ǒ�ü��C�¢�ëYXÚ� H∞ ��¯K. �^ Lyapunov-Krasovskii �¼�{, �Ñ
XÚ� H∞ 5U©ÛÚ��ì�O�{. ��, ÏL���á{~f, éüÇ� SRSFC �{Ú�©¤J� DROBC �{?1'�, Þ~�y
 DROBC�{3�½H∞5UeU
#N���æ�±Ï,`

ã 3 VÇæ�XÚ3�äz��e�;,
Fig. 3 State trajectories of the dualrate sampling system

via the networked controller

ã 4 é�Ú*ÿì�G�Ø�
Fig. 4 State errors between the observer and the plant²3�Ó�Z6³�Y²e, DROBC �{U~�Daì!?èìK19~��ä℄
��Ñ. ,	,��y
 DROBC �{3�Ó�æ�±Ïe�#N�$ H∞ 5UY², `²
 DROBC �{3Uþk�Z6³��¡�`³.
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