Ao % 4R
ACTA AUTOMATICA SINICA

841 % 8
2015 F 8 H

Vol. 41, No. 8
August, 2015

B F= B BEER
TET ZNFr BEe T

# B W TR (Sparse subspace clustering, SSC) J& —FPJE Tl A Hhs SR IHMELL. e g 7 0 A a5
AMIEYE T 23 (A I b, DR ey 0 7008 7 I N R s B R . b 72 ) SR 2SR FH v e 5000 1) A i 0 7 2 B0 3 AH
LREHTRAE, A i ) ol 2R 28 07 V245 B B 1 T SR 2R A SR AR O v R 48 71 v 4 s T S0 () 45 ) I 2 s B Y, A
P3N 278 F B0 H 1 KA 3 PR AT AL KB BT B RS 1) 2 SRS, Mt 7 MR SRAEMLAR = ) - THEHL e . UG b 2R
PRI A A3 OV AR B T T2 AT SR H, ARATIAE AR K IR R R A3 R). AR SORE CA R - 2% [ SR 2R RS L e s
SETT AT PRGN TRA, T AEE A, F5 H it — D5 77 ).

KR s, AR, MR R, (RN

SRR ETRE, 20F, B%, ERE fen T MR RLER. A8 AR, 2015, 41(8): 1373—1384

DOI 10.16383/j.aas.2015.¢140891

A Survey on Sparse Subspace Clustering

WANG Wei-Wei' LI Xiao-Ping' FENG Xiang-Chu? WANG Si-Qi!

Abstract Sparse subspace clustering (SSC) is a newly developed spectral clustering-based framework for data clustering.
High-dimensional data usually lie in a union of several low-dimensional subspaces, which allows sparse representation of
high-dimensional data with an appropriate dictionary. Sparse subspace clustering methods pursue a sparse representation
of high-dimensional data and use it to build the affinity matrix. The subspace clustering result of the data is finally
obtained by means of spectral clustering. The key to sparse subspace clustering is to design a good representation model
which can reveal the real subspace structure of high-dimensional data. More importantly, the obtained representation
coefficient and the affinity matrix are more beneficial to accurate subspace clustering. Sparse subspace clustering has been
successfully applied to different research fields, including machine learning, computer vision, image processing, system
identification and others, but there is still a vast space to develop. In this paper, the fundamental models, algorithms and
applications of sparse subspace clustering are reviewed in detail. Limitations existing in available methods are analyzed.

Problems for further research on sparse subspace clustering are discussed.
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Fig.1 A set of sample points in R? drawn from a union
of three subspaces: a plane and two lines
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Fig.2 Basic framework of sparse subspace clustering
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3 SSC MILRR IR HMIFEL BRI (%)
Fig.3 Coefficient matrix and clustering accuracy (%) of
SSC and LRR
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Table 2 Some classical subspace clustering models
TAENRIT % H b7 ek 5 Hs 0 1E 5 AP S
(RFW, SCR) J(Z) = F(E) + AR(Z) F(E) R(Z) c
SSC (2009, [32—33]) IElI% + M ZIl, IEII% 121, {212z =0}
LRR (2010, [47—-48]) 1Ell,, + AlZIL I1E1l,, 1. Q
SSQP (2011, [63]) IEI% + XIZTZ|, 2% 127 Z]|, {2>0]zi =0}
1Ell,,, + MZlh+
MSR (2011, [64]) ! 115, 1Z1l + ol 2] {21z =0}
Aol 2]«
E + A Z]1+
NNLRS (2012, [66]) 1Bl + M2 11, 1Z1l + ol 2] {Z12;; 20}
Aol Z ]
LSR (2012, [67]) % + MIZI% 1% 12115 {212 =0}
IEll, = I E]|% or
W-SSC (2012, [68]) 1Ell, + AW o Z]|, W oz, {Z1Z:s =0}
IE]: or [|E]2,1
E + A Z||,.+ Z||.+
LRRLC (2013, (52]) 115, + 2. Bl Izl + 0
Ao Y lmi — =;5° |1 2351 p 3w — =57 | 235
,] K2V}
GSS (2013, [69]) E|12 + AMr(ZTLZ) B2 tr(ZTLZ) Q
E|Z + MW oz, ,+ WozZ,,+
GR-SSC (2013, [70]) BN + Al 2,1 IE|2 Il [P o
Autr(ZTLZ) utr(ZTLZ)
CASS (2013, [71]) IE]l, + Al X diag{z} ||, 1Ell, = [I1EN% or [Ell | X diag{z}|, Q
1-ko(Eij))+
CIL2 (2013, [59]) ZJ( () iZj(lfkc,(Eij)) 1Z1% Q
M ZI%
1—ks(Eij))+
CILI (2013, [60) 3 (ke () ¥ (ke () 121, (212: =0}
Az,
LRR-SC (2014, [53]) 1B, + 2]l 1B, 111, {21z = 27}
BD-SSC (2014, [61]) B + Azl &% [41R {Z € K|Zii = 0}
BD-LRR (2014, [61]) 1B, + AlZI, I1E1l,,, 1Z1l. {212 € K}
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T A HE s m o o0, 4 17 20k
WE TR N RBEFE Z A M4k, Hibw
BRES N A T — 2L A, AR BRI £ (Enhance
block diagonal, EBD) 44, Jf-4f H T — L8345 &2 5%
I M (EBD) 45 RITEHG R I A2 A 5K
B A 5 o B A O, SRR R REGERER
Frobenius JoEE A IE I, $EH T & 612 M HER
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(3R 2), H KL SRAFAEfRATAR, SR AR T 5
I I L RN /) (EBD) 45, BIER7R R4
MikE Z AN 45K, Pham 26081 25y 7 InAUH:
BRI (3R 2), R s A B 2 18] 1) 23 ) ¢ 2
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FAERE T EMAT T )L 4.

2013 4F, Zheng 5021 F| FH 304 A 5 1) JR 8L

4584 LRR B p 5] A0 IE 5T, $2 H 7))
AR R RSB (% 2). Wang 2509 451 T
) Bz v 7 1 I () 4341 525 18] 43 1] (Grouping
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ZE 700 gl 5 3 7 4 1 U TSURT A 3 A0 AR 8% (Group
sparse) 47T GR-SSC 728 [ R R (3R 2).
Lu %5 I Trace Lasso HA Hdis 456 H & W
FIAR 5, BL Trace Lasso 4 IE I, $#2H T AH ¢
H & W 125 1] 43 #] (Correlation adaptive subspace
segmentation, CASS) B (3 2), A ] LLE AR
#& SSC 5 LSR 1) H & W AGi{E. 1E&UEW] 7 CASS
B (1) H bR ek F0 2 i A 8 (Enforced block
sparse, EBS) £, fRIUE T 1A B 15 21 (1) 7 25 (A &
2N SN el L1 RV 3 Bl NG A e 1 R SIS
P 238
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[i) v i BE A DG B AT — B R OR. Feng 250U 78
SSC A LRR BRI 1 W AU Pext 2o, 32
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Hs e A AN A, BRI F () RAIAN R 58
HRE 58 O8] sk T e R BRI (| B3 %)
TR RENLE P, BT || B, T8 AR
# Sample-specific V5 4%, H ||El|2,. (HXLEE TG
VAR L b 2 e S g R R Bk e . La 550 R
AR 2 M B i (Correntropy induced met-
ric, CIM) R fly fam i i 72, $2& th BHAH G 5 HE 1K)
L2 (Correntropy induced L2, CIL2) il (£ 2).
Zhang ZE00T FEH T —ANRRIBIR (£ 2). XHA
R 0T = vy ST e 7 R Jk e gl P ELAT AR R P £ A

A5 R0 I A 4 B 2 W R RS LT, SR AR
T U I 7 A R R R A RO BRI R R R 2
Wei %5731 $2 H (1) &8 JE IR 28 B (Robust shape in-
teraction, RSI) J5¥Z, K115 84 LRR 5
HIHEAT T ok, 2014 45, Vidal 2504 f 5 8 43
iR A T R v T M RO M R 2 R, TR
RN, 45 HAREL 1% (1) 282K (Low rank subspace
clustering, LRSC) #%4. 45 RR W 17 R
Kt e P B R S M
2.3 REREEHZIT

A b Fir s it 1 % [ SR SRR 30 6 >R T A
Jj % (Alternating direction method, ADM)[™
KSR, 7B R IIEAR, [N 5 8w, SEBR Y
FH e Bt 1) 2 BORH 6 B0y HAEA SR B, 3 T
IRKHTH S, IX BB HE R 1 #1278 2K 7
VRN . PR e v PR v 8 ) 1 ) R O B
AR AL ] B Wang 251030 $2 1 11 — ok 7 2
i) 53] (SSQP) A7 K Lu 2509 $2Hif) CIL2 #571
R UK BA AT K fi#, Zhang %5100 R
RIS SR SR ASRERL, SR A AH X ]
HL SR PEAAZ U 0¥ (Linearized alternating di-
rection method, LADM)T=771 J& —Ffr i UL () ik
T, e 1A 2R 2] T2 M . 2013
4, Patel %™ 75 SSC HEAL T4 Y — i fE [ Inf it
AT e YE R 25 [R) SR 2R 1 T V5, Pk ok B s TR) A 1
B 52 (Latent space SSC, LS3C), 5 SSC A[HI#)
T, BTG S HEOE B b, IR 4E
25 ) o SRASFEHE 1 R i 4 Y. Zhang 25609 $2H T
PR RL 7 M SRR T k. BE THRE o i ¥k, Liu
A5 180=82] S AR RR AR A 1) A 0, Ay A2 /N RSP A% 3

oAb ] . SRR R AP AT A L 2 3 v TE SRR )
— 72X, W Vidal 2564 F1 Favaro 2583 #i7E—
SEAAE T g8 T A ARG 2 1) SR A F) e AT
XLV S T U R

X R4 4R, AR 1 ) SR 2R T L TG vk
ReFE AT FEE (Scalable) [0, Peng 4554 42 T
A A B - A 2828 (Scalable sparse subspace
clustering, SSSC) 77k, KM “RAE. K. gl
I3I7 I, [FIAE, X TARRE 723 [ SRR R T
AP T VRIEO) . S 10 Ay g g R AR RS 4R 11 3
2K i) ARt 1B ) LR

24 N

M i1 ) SRS HE — ol 4l (0 5l SR 285V,
& HATHLaR 22 20 THEAALSE . BB P KR

1|189-91] | P {5 43| 192-941 PRI (G Ig SE PEAG I 195) 25y
THIEUAS T B

UN a2V N A AV [P S5 RPN ) oa=iiE S R T =N
AT S R ) — R AE D U B AR, S T BN
B S I — AN E A ST . DU T
FEAN ] PR ' B B R A e 2 A1 1 1 A MK P81 45T L]
—MIELE A kR IE AL, B 2 A AN — AR K
BT LB 9 HEgetE T2 A 10 i AR
i) AN T 2% (B SR 2K ) . 2% 18 Extended Yale
B AREHEAELT driar 10 28, b AR5 64 9k
K&, &3 640 sk, B oK X L EUR 0 40 P R FO0
WL 48 x 42, SR JE R F a2 X A [0, 1.
BRI R R 2016 4E51 In) 5, T8 R s 5 B
X € R2016x640 23 0 AR o] FRUAL B 1) J5 4 van 4
i S oK 32 3043 23 Bt (Principle component anal-
ysis, PCA)OS! J7yJ:x J 4 v 4 B4 B 4 45 500
100 4t Ja MR AT o 2R K 3 44 T A
FAEAEA R YERCT R SRR AR ZE .

EahaEl. B3 EIRAE N N REEA
A MIPE IR 132 By, FE AT 81 43 1 22 A I 2 X3,
BT USR5 B AR M 1 32 B0 ) 0 A B R R AE sk AT 2R
K, flifFEE— RN N T AN RALB B AR, T
2P Rz s Bk, 1 R Hopkins155 183
O EVEHR AR 1 D AR B 4, RS T
155 AN BNAFH, BEANIZ B 75 BN A 14
SRS ). T as SR ik Bs e B0 =, 1 5E
TR i (PCA)OS kst $idhe s b 474 2 Hh B
Y, ARG HHT T ARNERI. R4 G T UM EELE
Hopkins155 #fi e BRI R % 51
AR TA].
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#* 3 JLPELVLTE Extended Yale B AMGEHRAERT 10 28 LRIGRZER (%) 458

Table 3  Clustering error (%) of different algorithms on the first 10 classes of the Extended Yale Database B
5k SSC LRR LSR LRSC LRRSC CASS BD-SSC BD-LRR
44 =2016 35 20.94 7.19 35.78 3.91 30 25.31 15.47
44 =500 35 21.56 7.19 35.78 3.91 34.69 27.34 16.25
4% =100 36.56 21.09 16.88 35.78 4.37 38.91 43.44 61.56
* 4 JUMERAE Hopkins155 Hidlit LR BIZRRIRER (%) L P THEEmTE) (7))
Table 4  Average clustering error (%) and mean computation time (s) when applying the different algorithms to the

Hopkins155 database
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