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Adaptive Group Sparse Learning of Pairwise Markov Network
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Abstract Sparse learning can significantly reduce the complexity of parameter learning and structure learning and
effectively deal with learning problems of undirected graphical models. In the case of pairwise Markov network, in which
each variable has more than two values, the number of parameters associated with an edge is more than one. This paper
proposes a group sparse learning approach for the parameters associated with edges, and puts forward an adaptive group
sparse learning algorithm, which can adaptively adjust the degree of penalty according to the norm of the parameters
vector. This paper compares the performance of sparse learning using different edge potentials. In order to speed up
the training process, three approximate object functions are given, including pseudo likelihood approximation, mean
field approximation and Bethe free energy approximation. Two optimization algorithms, i.e., projected quasi-Newton
algorithm and spectral projected gradient algorithm, are also compared. Experimental results show that the proposed

adaptive group sparse learning algorithm outperforms the normal sparse learning ones.
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WSk, X (36) H I ISR ET JL AP B eR EUE 1A HL
—MERE N 10, FVE 1 g TSRO R LD
AR,

) (31) o, AR RAER T 54 i Ak
ZH ) = w;; , BRSNS
] T A B A AL Y. SPG L, A
AN D AR TR, RN I e AR E 2 R 4R B %
RATHE DA

EIE 1. XA (31) RE—AR UL, $sg i

Wij | | Y5
Tij Zij

Yij

e, (wij,7i;) =arg  min
yijeCQ,Zij

2

(37)

s. t. Zij >

S (37) R A

2

(wija Tij)v
wij  wijllot+mii  lwigllo+7i;
llwijlly 2 ’ 2 ’

(07 0)’

e, (wij, rij) =

wijlly < 73
lwijlly > 75, Nwislly +7i; >0
lwijlly +7i5 <0
(38)
KA T AR F Y AR ok, nTHe n) @ (37) SEy

wijlly > 7i5

2 1 2
2T 5 (rij — zi5)

o1
arg min — | W;; — y’L]
Yij-Zij 2

s. t. Zij >

Yiilly (39)

VAN s e R L SR [4].
32 BEMAWEE

HAR SPG 5L H A SR 20 46 ik vl U A1
BT, AH 2 H bR R B R 26, SPG ik
R =N N [ S =T B e i 2R e Pk 2 S
TR ARARAL 8, i b es ) (31). £ R
A K Tl 5 4 (1) L 7 1) 8, Lee 2548 HA A PR P4 A7
PQN 57412 % Hessian FEAEH AL, e A0 HE =
YA AL 8. PQN SVEH H ks i) U RN 4E C
FERAMEEBR RS S ().

PQN Sk RE 2 iR ACHR H A e AR 24 i
IEANE 2y, BT —KAT L

q (x) = f (zr) + (x — flfk)T Vf(zr)+

1
3 (x — a:k)T By (x — x3,)
Hr) By /& Hessian FERI—ANIEEIEAL S8 7153
AT N7 1, PQN 8RR R f () B4R
(40) —xic el e IME 25, Rl

(40)

), = argmin. g, (z) (41)
WMo, NI d = x5, — xp, P, 2 a € [0,1]
o € [0,1] AEFAT . 1% RS 1) ml A Sy a2
FRKTT W, EEHHEEAER L Armijo FfFRS
1k 50 (40) WK By Jokiff Hessian FER, 38H 2t
W a=1. PQN SRAEH L~ 75 51 i ME
ABB P AT Ol Sk A O, RO R AT S

WEs 2) 290 R ) de /MBI SR AR AT RE AT AR 5
HRARE §5% N

Bk 2 (\EUFmEE).

N HEReRE f (2), B2 e (x), Y146
SR &z, IRHVIE e, BIENEUm, 785 F%
ZH v, BEMRSE & M &, SPG kR B e

ko 0; 2o — g (0);

o= f(®@o); 9 — V[ (@o);

while ||z, — e (x4 — g, > €
do a =1;

if K =0 then

d; — —g, min (1, 1/Hng1)3

else

z; = SPG (z,¢,9,,0,5,Y);

di, = T}, — Tp; Tpyy — Ty + ady;

9, — VI (Zo); g1 — VI (@r41);

while fk-i—l > fk + Vgg (xk+1 — .’Ek) do

select a € (&1, &00);

Tpt1 — Ty + ady;

Frevr = f@i41); g1 = VI (@)

Sk Tit1 — The; Y < Gir1 — 9k

if kK > m then

S MY rh g I AR w I

S — [S s]

Y —[Y gy

o — (Yise)/Wiyi)

k—Fk+1;

KT Hessian PRI NS, PUARB07E— B E
WALl A 56 R By = o 14 Hessian M
8L, SRJG Biyr WBE— 20 BT S MO ARG [
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41 %

AR AR AL 2k R
Bii18k =Y, (42)

HH, 80 = gy — T, Yy, = VI (@hga) — VI (20).
K (42) 1 By, BIfEAZEME—R, nlilid BFGS
YHE DU Aff s M — . 1T Kovaces 242 Y T 43 BR W A7 1)
BFGS (Broyden-Fletcher-Gold farb-Shannon) ¥
B (L-BFGS)M) It Byyy W, ML
fiti m A~ s, My, FEES.

Y5 By 1 L-BFGS £/nZJa, Al FIH SPG 5
LSRR (41). 7 g () S ILBREE TSI R
SPG HIEAT A FERIF T #0% Tle M. A
SCUT R R In) B 35 S 2 g A ) b $
ST G PRI TR SAS, 10 H A bR 25 T 5 HE Y,
AL H AR R B T A LU B T AR i e 2
Fir A, PQN R 2 AbHTE 1) I H 3 N 21 # s 4k 1)
.

53k 2 45T PQN Sk AR, D ARHS
H S SPG (24, c,g,.0,8.Y) Fm Mz, TFUm
SPG 1 ¢ RIEACKAE 08 (41), BEEWHN g, 1M
L-BFGS FniiEfi 24 o. S MY.

4 RIHHER
4.1 SLIGEIEN B R IIE

ARSI AR ] — AN N LA i M 5 A4 UCK
(University of Californina Irvine) #5817 LA
ENGEUEE NP VIS SN RS Ak e
L, SR H AR BB AR I ABL, BASCR S AN R HY
DAL SR AR A5 B 1 S I 5 RAF T LA, AEsignid
Feh, HAsB [ IENAL S HE SN A = 27, Hrp
o FBUEE DM 10 FRES] -3, MDY 0.25.
FEARB ) 73 Wil oy, — oA N 2o g,
TN SHL, 55— S R 4, A
RIVEREPEAG.

N THAR N & BE SR AE K — A A A 10
AT PR AR Hy RBER B, BRI AT 3 R
LIRS, FLAAAT A BERTN Y LA REI S H b, M wy;
N KR HE TE 2 0 A (T BE AL AR5 A9 2% v i
BU™ A= 4000 ANFEAS, 3393 9 I 2R A S AR S dfa
.

F P S i g 4, 3% 403 Asdl, kA
http://archive.ics.uci.edu/ml/datasets/User+Kn
owledge+Modeling. H#a L 0HE 6 Mg, L5
ANHEANE, 1A AARME. BERE e TEETE 6, )5
P 3 eAh 5 ANEPERIBUEZ 0 2 1, RIARN LEAE, P
DA, PR 1 (SERREA 0 2 0.2) B2 (SEFREA
0.2 3 0.4). B3 (SEBr{EA 0.4 5] 0.6) B 4 (SEFx
E0 0.6 £ 0.8). B 5 (SLFsfEA 0.8 2] 1). &M

TR s A — A 4035 BIFERE, HBEANILERA
5 FRIEARG.

SETERR - HR AR, 3L 250 . >k http://arch
ive.ics.uci.edu/ml/datasets/Qualitative_Bankru
ptey. BRI 7 ANEM, BE AN EMCh S, &
Brefiem ik 7, JeAbJE T 1.2, 3 A PLAN.
B Z T SB H  — > 250x6 AYFERE, HAEA
TR A = FPUEARAS.

JET e P LR Bdla 4, K B http:/ /archi
ve.ics.uci.edu/ml/datasets/Breast+Cancer+Wis
consin+(Original). &3% 699 ML, & MFEAAT
11 AP w2, Bk 12—, JEik 11 &5
LG5, CAVHA SRS, Pl 2wtk 1 A
PE11, CREJENE 2 2@ PE 10. A EF T 9 AN E T,
HAE—ANE A 10 MBUETE . Xd TR
BEARSEE 2, B DI BCECRZS 15 8EAT LR AR 2
HUAE N 1 (CHS2Prfi2 1. 2 53 i), Bk 2 (45E
BrfEh 4.5 86 1), IUE A 3 (ASEFRfEA 7. 8.9
510 ), XA EEEAORAE T 350 0 A, e LAAL 3
Jei B E s 5 S s B A AR AN B ] T
SIS —A 6999 BIAERE, HAEANITHEA =
FREELIRAS.

AMESOESARAE, IE 120 MFEA, K E http://
archive.ics.uci.edu/ml/datasets/Acute+Inflam
mations. ##EfEIt 8 4 E L.

il T 38°C BN 2, KT 38°C (124 1, M
KRIEEM No A 1, Yes H 2 A0, Bt /G4 8
ANETE, TS5 1208 IOHIRE, M TTHRA 2
FREAELIRAS.

VA VAL B g, L 1728 MREA, kA
http://archive.ics.uci.edu/ml/datasets/Car+Eval
uation. FEMFEALHEELL 6 Bk

A i) Low F Med 234 H 1, 2 /4%, High
Hl Vhigh H] 3 8%, Small il Big H 1 f1 3 8%, %
1H2 01 AR, 3,4 Hl 3 40, bmore [ 3 40U, &b
PRSI T SEB0 Bl R 4 1728 x6 AR I, FEANJT
FA 3 AEBUEIRES. RAUEBEIELE, ST 540 MFF
A, >k H http://archive.ics.uci.edu/ml/datasets/
Climate+Model+Simulation+Crashes, & 4~ FE A
w21 NEtk, L E e 1. @tk 2 RNk 21 2
WA W B 5 RS R, LBRIX 3 A4
JE Tk, T 18 ANEtE. I 5 H T R HdR 4 N
540x 18 HIRERE, FEANTCRA 2 FHEREIRAS.

42 SKWHERSH

P R 2 By JRBER M FE 2 A AR B O B (45
2], HLFH R HRT oy g =FRE S, RIS A ]34
B XA FTL A TS X, H e =R
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ARG AR RV RE I 5. g AR rh, T
X A A [F) 3L 2R AL, T B AR B AR B 5 S 1 L,
seTe ol e Mgl SR — ity Ly e AT

T 0 7 AN ) 320 350 56 A 5 iy T # s goh =
AZAZHL, WRHEHAT AR ), BT X wy
ARG o i — R Ly EME . AR (5
A Group #7) MA@ Y 20 M A S0 (B
Agroup FKoR) HATEE ). T4, B bR eREA TS
At FHORS B 00 1 A o B, i 0 A S0 A ] B85 40 4 0t
Fk.

ST f 40 5 R P AT 700) BOBL AR eR 2 (Nega-
tive log-likelihood, NLL) {H# 17 b4k, NLL {H#
70N, 0 RS ) 24 i Sl PR 9DA 5 R Ry TSR
Hi i R 5 P A3 B 1934 480 (Number of eliminated
edges, NOE) kE£7x. NOE E R, B bR 28
%, RIS Sy i R Ve R, X = i A 1
WAL BT, (HRl T2 2%, JRPROR, HAT AT Refd
PR LU P T AR A SR, 1O A

BTAHEN LA i g BT ses, Bl aid
PR DL ARG B, WEE NS E A XA
WA RET) (FO BAASR ek ) AR gt e (W Rl
) (. PRI AR Ly 1 A5 2R Gt 1
S 5 RS IR WAL S 40\ AR AR Ak (R 3R,
oA I 45t — 2 I (R S 2R

Bl 1 (a) &5 T EN LA B 4 B AT H 564
AT M BAL S > LR ISR WKL 1 (a) TR
Bill, BARERE A /NS, SMAREHE: IE
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(a) The experimental results on synthetic dataset using group regularization and full potentials under different 4 values
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(b) The experimental results on synthetic dataset using adaptive group regularization and full potentials under different A values

K1

N T A AR 58 a3t AT A R R 2 S AR R XA (R ISR 45 R

Fig.1 The experimental results on synthetic dataset using different regularizations and full potentials under

different A values
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Fig.2 The experimental results on qualitative bankruptcy dataset using different regularizations and potentials
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KM NLL {£H NOE fi. #ATTUAE R HEN (M NOE ¥t Ly Fgi 4, B EIE N 245 5
AMIa 2 BAT W Ly IENMEAAR A > 8 ARk SOOA, AR5 Ph e AN F i 1 RE S EE L,

Mg vhae. AIENAMBELL L MGFNEL 4
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(a) Netplots of qualitative bankruptcy dataset using L, regularization and different potentials
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(b) Netplots of qualitative bankruptcy dataset using group regularization and different potentials
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(¢) Netplots of qualitative bankruptcy dataset using adaptive group regularization and different potentials
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Fig.3 Netplots of qualitative bankruptcy dataset using different regularizations and different potentials
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# 1 ZABAREALT 58 AL HAHEAT A FI R AL 2 I 1R 92 45 R
Table 1 The experimental results using full potential and different regularizations
Kotk Number of original edges Number of eliminated edges Running time (s)

Ly Group Agroup Ly Group Agroup

N T Hdi 4 45 17 0 34 32.622 24.996 54.706

A HT e I L 36 2 0 25 2.376 8.489 12.890

F SR 10 0 0 9 0.110 2.422 4.129

SEPER™ 15 2 0 13 0.035 1.724 3.423

STk RAE 28 0 0 18 0.128 1.769 3.522

PR VAl 15 0 0 14 0.171 1.71 1.789

* 2 B AR BT A F R ST BRA R 4G Y Markov B H) NLL fEx) b
Table 2 The comparison NLL results between different regularized models using full potentials and original pairwise
Markov model
Negative loglikelihood of original Test set negative loglikelihood of sparse
GRS pairwise Markov network pairwise Markov network

Ly Group Agroup Ly Group Agroup
PN 7750 5146.842 4987.297 4986.097 5227.051 4997.738 5022.105
JET R N L 1378.134 1378.027 1378.105 1362.493 1363.614 1526.246
F P A A 3944.299 2259.696 2390.159 1910.785 1754.665 1698.807
S8 PR 3140.56 2074.585 2215.701 3559.324 1995.566 2010.704
S AT 6120.487 1822.075 1951.788 1637.608 1691.303 1607.565
VPN 5596.330 5596.331 5596.331 5595.209 5595.761 5543.82

4.3 =il B iriE

A Ik S LA H AR eR ) R I A T
P PERE, GG O RIAR AT AL, P33 B B e U LA
Bethe H HAEITRL, X = iU 443 Al fai AL 2R
4 Pseudo. Mean F1 Bethe. o, Kiffi H #x ek B0
EAACLER I ABL Ry 7™ A5 ™ bR B, T AR 43 A AL P 3 3
At AT DUAT Bethe 1 B BB LN JE™ BRI EL. X =
AL H bR R ESr A BEAT Ly IE WAL« 28 6 1 4k
I 38 N 4 A 8 I A 2= ) DA R AR B U
AR

Kl 4 25t T e RSB S AT RS o H A
BRSO — R ACL H A bR B3 AT A R 1E DU 1Y) S22
BB 5 g T ORAEBEEE S AT AR B E bR R
HOFN =P ALL H b B8 E AN [R1 R A0 27 ) B[ 1Y
2. AT CUE Y, Al H b e B i@ A7 i 1)
1 LR A H A R 0D, O AR I B ek 251 400 1
REmS L TRE 6 E A5 oR 2, Fhbn v BE AR LURS 6 H A pRi
KW . I S 2 B b A PR BE DL T LAt A b AR
R AR A

% 3~ 5 oalgy it TAEH =R R AL H bR

Moo 2 A AR EREAT AR FIRR AL S 1 Se g 452k
XPEEER 3~ 5, FATABUALE AR il H A ol K A R A
K2 B4R E R w1k RN 4 T Db LRI AL, 1B
PO ALSRIACL H A o e e L8 et 4k B (R i v RE X
TR H AR R 8, B 12253 AR, L H b pd B
(¥ NLL i FERS i H AR s 5. PRz g v e
RIAUL B P RE MR i 1 HE IS e 22

R AR, DRI 8L 5 R 1 H A R K AE /N 2
Ptk ERPUAT, (B R B, Dy BURIT AL L 4
ARH WL, BAT I 18] Ko, P RE B 2 P 34 31k
ALL TEAR AL I b H b e B, S S U 0 A 7
PEREDLIA I .

4.4 WMRUEZ

ARSI PR s H Ak R B8CPE AN [R] L A A 57
7 2 DL AR T PR AN R DE A SR I TR e, X PR
PACTEIE A HE 3 5/ 4 ) B M L SR 852
WA, 732754 spg Al pan. R I SEE
il e Al By, Hobr e B RS B H b e 80 GEAUH
PRI EA BIZRIAE A, XA ITE).
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Fig.4 The experimental results on climate model dataset using exact object function and three approximations and

different regularizations
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(a) RAUEREHR G TR R L b e B AN TR T AR 2 2 O P 4 1)

(a) Netplots of climate model dataset using exact object function and different regularizations
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(b) RSB S O ABURIT AL H At o B () A [ L DU P B 7 = T 1 2% ]

(b) Netplots of climate model dataset using pseudo approximation and different regularizations
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(c) Netplots of climate model dataset using mean field approximation and different regularizations
Bethe H fifig-L, 1M1k Bethe 5 A1 fE-4H AL Bethe [ M1t H & WAL AHL
(JH &% = 6) CHRIA% =0) GHBRAE = 117)
(d) R TEBEARSEAE]T Bethe H FHAEUTAA L #2R& AR AN ) 1T WAL R L 2 > 1 o0 4%
(d) Netplots of climate model dataset using bethe free energy approximation and different regularizations
Bl 5 RAHEBIE B AT HPRS il b bR BBORAS [RI AL B s e B S ) L TR i 2 > ) 19 2% (]
Fig.5 Netplots of climate model dataset using exact object function and
different approximations and different regularizations
® 3 BT OY R UTALL B B AT AN [RI AR A 2 > I PRS2 B 45 R
Table 3  The experimental results using pseudo approximation and different regularizations
KA Test set negative log-likelihood Number of eliminated edges Running time
Ly Group Agroup L, Group Agroup Ly Group Agroup

N LHHRAE 5002.630 4991.167 4991.167 7 12 12 0.768 2.043 2.069
FBHT R N FL I 1335.790 1336.343 1487.128 0 0 19 0.226 1.953 2.692
FH P R A 1946.843 1816.045 1710.943 0 0 9 0.188 2.113 4.185
S PR 2867.103 2038.121 2001.807 0 0 10 0.110 1.767 3.599
o gRE 1755.517 1669.925 1685.517 9 0 18 0.263 1.717 1.979
VAN 5595.775 5596.047 5549.359 0 0 12 0.622 2.628 2.755
KRR 3438.427 3439.168 3377.977 2 0 149 0.1824 3.9282 3.9754

B 6 45 T A ATRS A H b pr B, B
03k AN % B8R B T R AE AN [R] I U AE T I )
Scg AR WK 6 R LUE AT spg 14 S
PG 20 NLL fH AR, EMHZEIFAKR AEMN
04 g LG 2 A i 1) NLL RIS, B UL 5 M B SE 4
pan P SIE K32 47 I 8] LG spg DAL SEVL 1 i8
Ay i T BE G, I N 2H M 6 1) 3 A7 I 1) LG 4 A 6

B ASSEI AR AN B, DY s AT I
8] 22 5 9F A K, 35T KRB AL 8K 2, spg
AT LR B TR A H 22K |7 4 i
T PR AN T A A 553 19 AN [R) I 00 A A 5 2 >
(o L kg 25 1. ANIET 7 WT LA HH P R G Ak S
(o i M BE AR 2, B Y 4 5 10 A RE I A
IR
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R4 B P37 AL eR AT AN IR A 2 ST I (10 S5 4

Table 4 The experimental results using mean field approximation and different regularizations

Mot Test set negative log-likelihood Number of eliminated edges Running time
L,y Group Agroup Ly Group Agroup Ly Group Agroup
AT Hpndk 8610.858 6391.883  6391.882 0 0 0 0.060 1.224 2.211
JBIUT R N FLI 1698.240 1723.024 1723.024 0 0 0 0.039 0.031 0.043
FHP R st 1591.604 1603.425 1613.418 0 0 0 0.039 0.032 0.048
TE MR 1275.923 2141.670 2142.670 0 0 0 0.032 0.328 0.342
SR AE 880.933 847.765 847.767 0 0 0 0.337 0.713 1.303
TRV 5621.832 5549.61 5549.61 0 0 0 0.033 0.027 0.034
RAERHE 4036.119 3748.372 3674.349 0 0 83 2.4663 4.4765 7.9722

®5 ZAHHEEMI Bethe F HRELT Bl BT A [RGB AL 27 2] I R SE56 45 2R

Table 5 The experimental results using Bethe free energy approximation and different regularizations

Bt Test set negative log-likelihood Number of eliminated edges Running time
Ly Group Agroup Ly Group Agroup Ly Group Agroup
AN THdhide 7639.921 8030.764 11594.352 0 0 0 0.061 0.058 0.987
JET B N B 1685.804 1729.666 1729.666 0 0 0 0.044 0.025 0.036
EPRESIIALE R 1589.197 1599.749 1613.733 0 0 0 0.021 0.037 0.058
S8 PR 1249.866 1359.077 1359.077 0 0 0 0.015 0.015 0.023
S A 3486.903 1019.181 1019.181 9 0 0 0.359 0.234 0.510
VL 5618.367 5548.880 5548.880 0 0 0 0.017 0.022 0.030
KA LA 3440.048 3440.141 3397.049 6 0 117 0.2361 2.9716 3.4122
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Fig.6 The experimental results on user knowledge model dataset using different optimizations and regularizations
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(a) Netplots of user knowledge model dataset using SPG algorithm and different regularizations
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(b) Netplots of user knowledge model dataset using PQN algorithm and different regularizations
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Fig.7 Netplots of user knowledge model dataset using different algorithms and different regularizations
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Table 6 Experiment results on different datasets using spg algorithm and different regularizations
Hpide Test set negative log-likelihood Number of eliminated edges Running time
Group Agroup Group Agroup Group Agroup
N LHHAE 5024.690 5043.908 0 32 23.987 47.801
T e M FL e 1362.947 1527.148 0 24 6.363 12.744
FH P SR g 1741.362 1684.713 0 9 0.523 0.965
E LR 1819.702 1880.150 0 13 0.275 0.476
SESIE 1412.900 1283.992 0 15 0.223 0.376
TRV 5595.836 5545.103 0 14 0.274 0.255
H HREIT LA Bethe H HAEITAL. L5 %K %7 H & 4 Schmidt M. Graphical Model Structure Learning with
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