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Abstract

Based on the established new-type exponential stability theorem for general retarded dynamical systems and two

preliminary lemmas, less conservative stability conditions for linear systems with multiple time-varying delays are established by
using the new stability analysis approach of Lyapunov function. Unlike some results in the literature, none of the established results
depends on the derivatives of the time-varying delays. Therefore, the results are suitable to the cases with very fast time-varying
delays. An example is provided to show that the stability conditions obtained are better than the ones obtained directly based on

the standard Razumikhin-type condition in the literature.
Key words

1 Introduction

For linear time-delay systems with time-varying delays,
the main time-domain stability analysis approaches are the
approach of Lyapunov functionals™~?°! and the approach
of Lyapunov functionsl™ % 1217:21,26~36] - Eop Jinear time-
delay systems with time-varying delays, the approach of
Lyapunov functionals needs generally to limit the bounds
of the derivatives of time-varying delays (See, for example,
[2,3,5~11,13,14,16,18~25]), so that it is not suitable for
the systems with very fast time-varying delayspgwsz], On
the other hand, the approach of Lyapunov functions with
Razumikhin techniquel?” can be used to deal easily with
the case of time-varying delays without the limitations on
the derivatives of delays. Unfortunately, the existing Razu-
mikhin technique[l’ 4,12,17,21,26,27] 5154 results in conserva-
tive stability conditions. Recently, new-type stability theo-
rems together with new stability analysis techniques based
on a Lyapunov function approach have been developed in
[28~36]. This paper is a continuation to these previous re-
searches and focuses on the application of the new method
for linear systems with multiple time-varying delays.

The organization of this paper is as follows. In Section
2, the new-type exponential stability theorem for general
retarded dynamical systems and two lemmas is established
as preliminary results. Then, in Section 3, as the appli-
cation of the established preliminary results, less conser-
vative stability conditions for linear systems with multiple
time-varying delays are established by using the new sta-
bility analysis approach of Lyapunov function. Unlike the
existing results in the literature, where the derivatives of
all time-varying delays are limited to be less than one, the
established results do not depend on the derivative of time-
varying delays. In addition, some remarks and figures are
given in Sections 2 and 3 to explain the obtained results.
Finally, the paper is concluded in Section 4.

2 Preliminary results

The notations used in this paper are as follows. R" is the
real vector space of dimension n; R"*" is the real matrix
space of dimension n xn; R4+ denotes the set of nonnegative
real numbers; J = [r,00) with » € R; C" is the complex

Received June 5, 2006; in revised form June 10, 2007

Supported by National Natural Science Foundation of China
(NSFC, 60474047), NSFC Key Project (60334010), and Guang-
dong Province Natural Science Foundation of China Key Project
(06105413)

1. Laboratory of Real-Time Control through Internet and Field-
buses, College of Automation Science and Engineering, South China
University of Technology, Guangzhou 510640, P. R. China

DOI: 10.1360/aas-007-1294

Exponential stability, stability theorem, dynamical systems with time-varying delays

vector space of dimension n; C™*" is the complex matrix
space of dimension n x n; C, denotes the Banach space
of continuous functions mapping [—7,0] into R", where
T > 0 is a constant; y,(6) € R™ denotes y(t +0) € R"
for t € R and 6 € R so that y(t) = y,(0); || - || denotes
the Euclidean norm in R"; | - | denotes the absolute value;
@]~ = sup_,<p<oll¢(0)|| with ¢(6) € R" for given ¢ € C'n;
AT is the transpose of A € R™*"™; A* is the conjugate
transpose of A € C"*", je., AT; Amin(+) and Amax(+) de-
note the minimum and maximum eigenvalue, respectively;
Al = max;{\l/?(A*A)} for A € C"™*™; A > 0 (or < 0)
denotes a positive definite (or negative definite) matrix;
A < B means that A— B < 0 is negative semi-definite; and
finally, j2 = —1.

Consider a retarded dynamical system described by a
general retarded functional differential equation

&(t) = f(t, ) (1)

where “” denotes the right-hand derivative, f : J xC,, —
R" takes Jx(bounded sets of C,) into bounded sets of
R", and f(t,¢) is continuous and Lipschitzian in ¢ € Cy,
so that for an initial function ¢ =z, € C\, at t =to € J,
system (1) has a unique solution, z(to,x¢,)(t), on [to —
T,00). Suppose that f(¢,0) = 0 for all ¢ € R, so that z. =0
is an equilibrium of system (1). As far as local results are
concerned, we always suppose that f : J x Cf, — R",
where Cf, = {¢ € Cy|||¢|l- < p,p > 0}. For simplicity, we
also denote the value of the solution z(to,z,)(t) € R™ by
z(t) and the solution segment z(t +0) = z(0) € R" for all
0 €[-7,0] by z: € Cp, at t > to.

Definition 1. Let « € R4 be a nonnegative constant
number. The equilibrium z. = 0 of system (1) is called
exponentially stable with respect to the constant decay
degree @ € Ry if there exists a constant I' > 1 such
that for any € > 0, there exists a 0 < § < ¢/I' satis-
fying 6 < p such that along the solution of system (1)
through any (to,z,) € J x Cf satisfying ||z |- < J, we
have ||z(t)|| < T||z, ||-exp{—a(t — to)} for all t > to € J.
The equilibrium 2. = 0 of system (1) is said to be globally
exponentially stable with respect to the constant decay de-
gree « € Ry if there exists a constant I' > 1 such that
for any § > 0, along the solution of system (1) through
any (to,Zi,) € J x Cp satisfying ||z, ||- < d, we have
lz(@t)]] < Tzt || rexp{—a(t —to)} for all t > to € J.

Remark 1. It is obvious that the exponential stability
of the equilibrium z. = 0 of system (1) defined by Defi-
nition 1 for a known or unknown constant 7 > 0 implies
that the uniform asymptotical stability (case a > 0) of the
equilibrium z. = 0 of system (1) and at least the uniform
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stability (e.g. a = 0) of the equilibrium z. = 0 of system
(1) for the same fixed 7 > 0.

Theorem 1. Let o € Ry be a nonnegative constant
number, P > 0 € R"*" is a positive definite constant ma-
trix, and V(z) = " Pz with £ € R". Assume that there
exits a positive constant scalar II > 1 such that

sup,cp{20" (0)Pf(s,¢)} <
Hsupye(_, 0 {¢" (0)P(0)},V € Cy, (2)

where f : JxCp, — R" is defined as in (1). The equilibrium
z. = 0 of system (1) is exponentially stable with respect to
the constant decay degree a € R if there exists a constant
I' > 1 such that for any € > 0, there exists a 0 < § < ¢/I’
satisfying § < p such that along the solution of system (1)
through any (to,x:,) € J x Cf, satisfying ||z, |- < d, we
have
V(@(0)) < —2aV (2:(0)) ®3)
whenever x; € S(L:(6)), where
S(Li(0)) =

L:(0) = L(t + 0) = IV (g, (0))e2*(+0=10)

V(#,(0) = Amax (P)|4, |17

L:(0) = L(t) = V(y,(0))
V(y,(0)) = V(y,(0)) cos®(wh)e>**
0el|-r0,weR,t>toeJ

Yy, € Cn

(4)

Where g, (0) € R" is a real vector satisfying V (g, (0)) =
Amax (P)||Z4, |2 at to € J.

Proof. Noting that along the solution of system (1
through any (to,z:,) € J x Cf£, we have V(z:(0))
227 (0)Pf(t, @) for t > to € J. By Amin(P)|z|?
V(z) < Amax(P)ll2|?, II > 1 in (2), and V(g,,(0))
Amax (P)||Z+,||2 in (4), we have

~—

1IN

Auin (P)[|4, (0)[[* < V(@4 (0)) < Amax(P) 121, |17
< IV (G, (0) = Mmax(P)l|z1, |17 (5)

so that

0 ()] < VT (P)/Aumin (P) [t |-
< VMmax (P)/ Awin(P)8 (6)

for any [|z+, ||+ < d. According to Definition 1, (5), and (6),
let I’ = \/H)\max(P)/)\min(P). Then for any € > 0, there
isa 0 <0 <eg/T satisfying § < p such that along the solu-
tion of system (1) through any (to,z+,) € J X Cf satisfying
|zt0]l- < 8, whenever z;, € S(Ls(0)) at s > to € J, we
have V(z5(0)) = IV (g,,(0))exp{—2a(s — to)}. As shown
in Fig. 1, condition (3) implies that at this moment

V(2:(0)) < —2aV (2.(0)),2: € S(Ls(6)) (7)

Now, let us prove the sufficiency of condition (3) by contra-
diction. Assume that the condition (7) holds, but there is a
sufficiently small ds > 0 such that V (2:(0)) > —2a/V (z:(0))
for all t € (s,s + ds] so that V(z:(0)) > —2aV (2:(0)) for

all t € (s — ds,s], V(z:(0)) = —2aV(z(0)) at t = s,

and V(z:(0)) > —2aV (x:(0)) for all t € (s,s + ds]. Ac-
cording to the continuous dependence property of the so-
lution of system (1) on its initials, the above assumption
implies that there must be a new initial z,, € C, sat-
isfying ||Z¢,]l- = ||t ||~ with the corresponding solution
Z:(0) € R" of system (1) through (to,Z:,) € J x Cf, such
that V(£5(0)) = IV (g,, (0))exp{—2c(3 — to)} when &5 €
S(Ls(6)) at some moment § € [s—ds, s+ds] but V(25(0)) >
—2aV (£5(0)) (See one case shown in Fig. 2). This contra-
dicts condition (3), i.e., V(&:(0)) < —2aV (£:(0)) whenever
Z; € S(L¢(F)) ont > to € J. Therefore, condition (3) guar-
antees that along the solution of system (1) through any
(to, o) € J x CF satisfying ||z¢,]|- < 8, we have

V(@:(0)) <TIV (g, (0))e > Ve >0 (8)
that is,

2:(0)] < Tl [|lre™ 7" <Tge ") vt > 19 € J

9)
where I' = \/TI\max (P)/Amin (P) > 1. By Definition 1 and
(9), the proof is completed. |

V
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Fig.1 The case of the sign-definite-to-sign-indefinite mode
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Fig.2 A contradiction case to condition (3)

Remark 2. As we know, the classical Lyapunov stabil-
ity theorems provided us the stability analysis methods in
the so-called sign-definite-to-sign-definite mode, i.e. from
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a sign positive definite function V' > 0 to a sign negative
definite derivative V' < 0 of the function along the solution
of system. For the case of V' < 0, the concept of Lyapunov
function is extended by the invariant set theorems, which
work in a sign-definite-to-sign-semidefinite mode, i.e., from
V. >0toV <0. In fact, it is the sign-definite-to-sign-
definite mode that causes the difficulty of choosing Lya-
punov functions for complex systems. As we have seen from
the proof of Theorem 1, Theorem 1 works in a sign-definite-
to-sign-indefinite mode, for example, from V(z:(0)) > 0
to V(x:(0)) < —2aV(2:(0)) < 0 (lz:(0)[| = [l=()[| # 0)
whenever x; € S(L:(0)), and V(z¢(0)) > 0 is allowable if
x; ¢ S(L:(6)) (See Fig.1). Obviously, the concept of Lya-
punov function is further extended here.

In the next section, we need the following lemmas, whose
proofs are given in Appendix.

Lemma 1. Let P > 0 € R"*" be a positive definite
matrix, Dy € C"*" for k = 0,1,--- ,m be complex matri-
ces, and U(K) = {u € C"|u"Pu = K > 0} with a constant
K > 0. Then for any given 1 + m vectors: u € U(K)
and v € U(K) for k = 1,2,--- ,m, and there are m real
scalars ¢y, € [0,27] for k =1,2,--- ,m, and m nonnegative
numbers B > 0 for k = 1,2, -+, m such that

w*(PDo+ DgP)u+ Y u'PDyvy + Y viDjPu=
k=1 k=1

w[P(Do+ > D) + (Do + Y ek Yk DY) Plu
k=1 k=1

(10)

Lemma 2. Let P > 0 € R™" be a positive definite
matrix, Ty, € C™"*™ for k = 0,1,--- ,m be Hermitian ma-
trices, v € R, and Bgp > 0 for £ = 1,2,--- ;m be real
numbers. Then,

To + Zﬂka < —29P, VB € [—Prm, Brm] (11)
k=1

if and only if

Z +Brem T

k=1

To + <—29P, Vi=1,2,---,2" (12)

l

where [}, £8kaTr]; for I =1,2,---,2™ denotes all 2™
cases of alternating sign.

3 Application results

Consider the following linear system with multiple time-
varying delays

(1) = Aoz (t) + kf_f Awalt—m(0), t2t0€ T g
T, (0) = z(to + 0) = $(0), 0 € [—7,0]

where ¢ € C,,, £ € R", and A € R"*"(k =0,1,--- ,m)
are constant matrices, 7x(t) < Tm < T < oo(k =
1,2,---,m) for t € R are time-varying and bounded de-
lays, and 7,pr > 0 and 7 > 0 are known or unknown.
Proposition 1. Let o« € R4 be a nonnegative con-
stant number, X(K) = {z € R"|z"Px = K > 0} with
a positive definite matrix P > 0 € R™*", and a constant
K > 0. Assume that 7xa > 0 such that 74 (t) < 7 for
all k = 1,2,--- ;m are known and there is a nonnegative

Vol. 33
v € R4 such that
2¢" P Aoz + i 2eT P Ay, <
k=1
26T P A + i eV TkM |a:T (PAg + A;CFP):::|
k=1
Ve, y, € X(K) (14)

Then, the equilibrium z. = 0 of system (13) is expo-
nentially stable with respect to the constant decay degree
o€ R+ if

PA+ AGP + |+l (PAL + ATP)| < —2aP
k=1 i

Vi=1,2,---,2™ (15)

where [7, +el@ PV (PA, 4+ ATP)]; for | =
1,2,---,2™ denotes all 2" cases of alternating sign.

Proof. Let V(z) = 2T Pz, where P > 0 € R™ " sat-
isfying (14). According to Theorem 1, along the solution
of system (13), whenever z, € S(Ls(0)) on s > to € J, we
have V(zs(0)) = IV (g, (0))exp{—2a(s—to)} with @ € Ry
and by the method developed in [30 ~ 34], we obtain

m

V(2:(0)) =2z, (0)PAoxs(0) + Y _ 225 (0)PArzs(—7i(s)) =
k=1

2. (0)P Aoz (0)+

> 2e7 )] cos(xmi(s) 2T (0) P Ak (0) =

k=1

2z (0)P Aoz (0)+

Z 2O TEM I COS(l/)kaM)|$3(0)PA1€$5(0’°) (16)
k=1

where &, ¥k € R and 74(s) € [—Tkm, 0] for k=1,2,--- ,m
are the instant values at the moment s > to € J, and

V(s (0r))
zs(—7x(s))

= V(z:(0))

= 5(0k)| cos (i (s))]e" ™) =
Z5(0r)| cos(rTinr)|e*TM

— V(@4(0)) cos?(€mi(s))e () =
V(z(0)) cos® (YrTrnr )2 TEM

V(zs(=7x(s)))

(17)
(See Fig.3). Whenever x; € S(L¢(0)) at t > to € J, by
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Lemmas 1, 2, and (16), condition (15) implies that

V(z:(0)) =2, (0)PAoz:(0)+

Z 26OTEM | cos(vrTk(t)) ‘z;r(O)PAk-’Bt (Or) <
k=1

T (0)(PAo + ATP)z,(0) + 3 elo 7m0

k=1

|z (0)(PApe’FTEM 4 e IRTEM AT Py (0)] =

x; (0)(PAo + Ag P)a,(0) + Y el @Fmenr
k=1
| cos(wrTkar)Z; (0)(PAL 4+ AL Pz, (0)] <
|, hax 2m{:l:;r(O)(PAo + AS P+
> el TV (P AL + AL P)| m(0)} <
k=1 1
— 2aV (z:(0)) (18)

where wy, € R for k = 1,2,--- ,m , that is, V(.’L‘t(O)) <
—2aV (x4(0)) whenever z; € S(L:(d)) ont >ty € J. By
Theorem 1, the proof is completed. a

s, O V(,00,) =V (x,0) =TTV (5, (O))e >

V(x,(0,)=V(x.(0)e ™ cos’(@,8,), 6, e[-7,0], @, R

Fig.3 A relationship between z.(0x) and z:(0y) for
0x € [—1,0]

Proposition 2. Let a € R4 be a nonnegative con-
stant number and 7a > 0 such that 7 (¢) < 7xm for all
k=1,2,---,m are known. Then, the equilibrium z. =0
of system (13) is exponentially stable with respect to the
constant decay degree a € R if there is a positive number
p > 0, a positive definite matrix P > 0 € R™*"™, and m

positive definite matrices S, > 0 for k = 1,2,--- ,m such
that
M PA PA,,
ATP S 0
. >0
AnLP 0 Sm
pP — S, >0Vk=1,2,---,m (19)

where M = —PAg — Ag P — pP Y " e**™*M — 2a.P.

Proof. By the standard Schur complement, condition
(19) is equivalent to

m m
PAo+ Ag P+ pP Y e®* ™M £ 3" PALS T AP < —2aP
k=1 k=1
(20)
Let V(x) = T Pz, where P > 0 € R™*" satisfying (19).
Let us start with the derivation from (16) in the proof
of Proposition 1. Note that for any given S > 0 for
k = 1,2,--- ,m, there exits a positive number p > 0
such that pP — Sy > 0 for all £ = 1,2,---,m and
2cTy < 275712 + yTSy holds for any vectors z,y € R"
and any positive definite matrix S > 0. By this remark
and condition (19) with (20), we further obtain, whenever
x, € S(Ls(0)) on s >tg € J,

V(zs(0) = 2x;f(o)PAozS(0)+§: 227 (0)PArzs(—7i(s)) =

k=1

2z, (0)P Aoz (0)+

> 26" | cos(ii(s)) |z (0) PArzs(0k)] <
k=1

2z (0)P Aoz (0)+

> x5 (0)PALS, t A} Py (0)+
k=1

Z eaTkasT(Ok)Skms (Ok)-i-
k=1

m

ST (o (04) P (0k) — 27 (0%) Sis (0)) =
k=1

z1 (0)(PAo + Aj P+

pP> e TM 4 N " PALSTT AL Pz (0) <
k=1 k=1
—2aV(z5(0)) (21)
By Theorem 1, the proof is completed. O

Proposition 3. The equilibrium z. = 0 of system
(13) is asymptotical stable independent of delays if there
is a positive number p > 0, a positive definite matrix
P > 0 € R and m positive definite matrices S > 0

for k=1,2,--- ,m such that
—PAy— A P —pmP PA; PA,,
A?P S 0
. >0,
AT P 0 Sim
pP—S,>0,Vk=1,2,--- ,m (22)

Proof. Note that 7(t) <7 < oo (k=1,2,---,m) for
a known or unknown 7 > 0. Condition (22) implies that
there is a sufficiently small positive number o = a(r) > 0
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such that alent to
—PAy— ATP—-mP PA PAn
M PA, -+ PA, ATP P 0
Arl[‘P S1 0 >0
2 07 . *
: - AT p 0 P
ATP 0 S (26)
B i 22) with (2 it is eas 3 h fi
PP — Sy > 0VE=1.2 m (23) y comparing (22) with (26), it is easy to see that m free

where M = —PAo — AY P — pmPe**™ —2aP. By the proof
of Proposition 2 and Definition 1, we prove this proposition
immediately. g

Remark 3. It is easy to see that the relationship be-
tween (15) and (19) is

PAo+ Ag + | > el (PA, + ATP)| <
k=1 l

m m
PAo+ Ag P+ pP Yy e® ™M £ " PALS, T AL P
k=1 k=1

Vi=1,2,---,2™ (24)

Therefore, condition (15) is less conservative than (19).

Remark 4. Condition (22) is said to be independent
of delays since there is no any delay information included
within itself.

Remark 5. Unlike the results in [2,3,5~11,13, 14,16,
18~25], where the derivatives of all time-varying delays are
limited to be less than one, none of the results depends on
the derivative of time-varying delays. Therefore, the estab-
lished results here are suitable for the cases with very fast
time-varying and bounded delays.

Example 1. Consider system (13). By directly using
the standard Razumikhin-type condition: z7 (8)Pz.(0) <
qz{ (0)Pz:(0) for all € [—7,0] with a constant number
q =e?*7 > 1, (21) can be derived as

V(x:(0)) =2, (0)PAoz.(0) + Em: 2xF (0)P Az, (—7(t)) <

;! (0)(PAo + Ag P)x:(0) + >z (0)PAk X
k=1

P AL Pxi(0) + &) (—7x () Pai(—7x(t)) <
k=1
z; (0)(PAo + Ag P)x:(0) + >z (0)PAk X
k=1
P AL Pz, (0) + gma? (0)Pz.(0) =
x; (0)(PAo + Ag P + gmP+
> PAPT AL P)ai(0) <

~ 2aV(2:(0)) (25)

where PAg+Ag P+mP+3Y.7" | PAyP AL P < 0 is equiv-

positive definite matrices, S > 0, satisfying pP—Sy > 0 for
all k = 1,2,--- ,m can be introduced into condition (22).
This shows that the proposed technique, here, can result
in less conservative stability conditions than the standard
Razumikhin-type technique.

4 Conclusion

Based on some preliminary results, less conservative sta-
bility conditions for linear systems with multiple time-
varying delays are established by using a new stability anal-
ysis approach of Lyapunov function. Unlike some results
in the literature, none of the established results depends
on the derivatives of the time-varying delays. Therefore,
the results are suitable to the cases with very fast time-
varying delays. An example has been provided to show
that the obtained stability conditions are better than the
ones obtained directly based on the standard Razumikhin-
type condition. Obviously, the proposed method and tech-
niques can be used for stabilization and control synthesis
of various systems with time-varying delays.
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Appendix

Proof of Lemma 1. Let maxycu(x){w*D; PDiw} = 4iK
with a constant 3 > 0. According to Cauchy-Schwarz in-
equality, for any given w € U(K) and v, € U(K), we have
|u*PDiv,| < (u*Puv;D;PDyv)'/? < v K so that there are
two scalars &1, € [0,27] and one nonnegative number 3; > 0
such that

u*PDyv, +vi D] Pu = ’u,*P’u.'ylejgl + eijgl"h’M*P’U, _

u* PDiue’179%1 4 eP1=3%1iy* DY Py (A1)

Therefore, it is easy to derive that for any given 1 + m vec-
tors: u € U(K) and v, € U(K) for k = 1,2,--- ,m, there are
m scalars ¢, € [0,27] for Kk = 1,2,--- ;m and m nonnegative
numbers G > 0 for kK =1,2,--- ,m such that

uw*(PDo + DyP)u+ Y u*PDwvy + Y viD;iPu
k=1 k=1

—u* [P(Do 4 Dleﬁ“’jd’l) + (DO +D1e[31+-jw1)*P} u+

zm: uw*PDjv, + zm: v, D;Pu=

k=2 k=2

2
u* [P(Do + Y Dre®s k) 4 (Do+

k=1

2 m m
> Dkeﬁk“"’k)*P} u+ Y w PDw,+ Y viDiPu=

k=1 k=3 k=3

m—1
u* [P(Do + Y Dye’kT9%k) + (Do+
L k=1

m—1

Z Dkeﬁkﬂ'”’k)*P} u+uw* PD,v, +v), D) Pu =
k=1

u* [ P(Do + Y Dielrt7%k) + (Do+

k=1

Z Dkeﬁk+jwk)*P:| u

k=1

(A2)

O

Proof of Lemma 2. The necessity is obvious. Let us prove

the sufficiency. Since T}, € C™*™ for k = 0,1,--- ,m are all Her-

mitian matrices, it is easy to see that for any u € C™, u*Tou € R

and Sru*Tru € R for £ = 1,2,--- ,m are all real numbers.
Therefore, for any u € C™, (11) guarantees that

u*Tou + Z Bru*Tru < u*Tou + Z Bin|u* Tru| =
k=1 k=1

max {u* (To +

1=1,2,--- ,2M

k=1

i inMTk:| )u} < —2yu*Pu (A3)
1

for all By € [—Brxm,Bem], K = 1,2,--- ,m so that (12) implies
(11). The sufficiency is proved. O



