Vol. 33, No. 3

ACTA AUTOMATICA SINICA

March, 2007

Robust H ., Filtering for a Class of Uncertain Lurie
Time-delay Singular Systems

LU Ren-Quan'? WANG Jun-Hong!

Abstract

XUE An-Ke!

This paper deals with the problem of the robust H, filtering for a class of Lurie singular systems with state time-delays,

SU Hong-Ye? CHU Jian?

parameter uncertainties and unknown statistics characteristics but with limited power disturbance, aiming to design a robustly stable
filter such that the uncertain Lurie time-delay singular systems are not only regular, impulse free and stable, but also have a prescribed
level of H., performance for the filtering error dynamics for all admissible uncertainties. A sufficient condition for the existence of
such a filter is proposed in terms of linear matrix inequalities (LMIs). When a solution to this set of LMIs exists, the parametric
matrices of a desired filter can be easily obtained using LMI toolbox.
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1 Introduction

Lurie system is a typical nonlinear system. In this pa-
per, we study the problem of robust H filtering for Lurie
singular systems with both time-delays and parameter un-
certainties. The parametric uncertainties are assumed to
be time-varying, but norm-bounded; moreover, time-delay
is also assumed to be unknown time-varying, but bounded,;
the disturbance input has unknown statistical characteris-
tics but limited power. The design methodology presented
in this paper is a 2-step procedure; that is, firstly, a suffi-
cient condition based on LMIs which guarantees both the
robust stability and a prescribed level of Hs, performance
for uncertain Lurie time-delay singular systems is obtained;
secondly, the synthesis of a robust Ho filter based on the
above-derived sufficient condition is given such that the fil-
tering error system is robustly stable and has a prescribed
Ho performance level for all admissible uncertainties is ob-
tained.

The suitable H filter can be constructed through a con-
vex optimization problem, which can be effectively handled
by Matlab/LMI Toolbox. Finally, an illustrative example
is given to show the effectiveness of the proposed approach.

2 System description and definitions
Consider the following uncertain Lurie singular systems
with time-delays:
S Ea(t) =(Ao + Ado(z, 1))z () +
(A1 + DAy (@, D)a(t — h(t)+ (1)
Eof(a(t)) + (Bo + ABo(z, t) yw(t)

y(t) =(Co + ACo(z,t))x(t)+
(Cl + AC, (z,t))m(t - h(t))+

Ei1f(o(t)) + (B1 + ABy(w,t)w(t) 2)
z(t) =Lx(t)
o(t) = Cz(t),z(t) = ¢(t),w(t) =0,t € [—h,0] (3)

where z(t) € R" is the state vector, w(t) € RP is the distur-
bance input vector from L3[0,0), y(t) € R™' is the mea-
surement output vector, and z(t) € R™? is the estimated
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state vector. The matrix £ € R"*™ may be singular. We
also assume that rank £ = r < n. Ao, A1, Bo, Bi1, Co,
C1, L, D, Ey, E1, and C are known real constant matrices.
AAo(),AAl(), ABO(), ABl(), ACO() and ACl() are
time-variant matrices representing norm-bounded parame-
Eer uncertainties, and are assumed to be of the following
orm:

{AA@(‘) AA(-) ABo() | _
ACo() ACY AB() "
[ gl ]F(:v,t)[ H H, H; ]

where G1, G2, H1, H> and H3 are known real constant ma-
trices. The uncertain matrix F(z,t) with Lebesgue mea-
surable elements satisfies

FY(z,t)F(z,t) < I,Vt (5)

h(t) is time-varying bounded delay satisfying 0 < h(t) <
h,h(t) < d < 1. ¢(t) is smooth vector-valued continuous
initial function defined in the Banach space Cj,. It is as-

sumed that ¢* (£)¢(t) < v, where v > 0 can be seen as
an upper bound on the initial states. In this paper, every
nonlinear term is assumed to be of the form

fi(+) € K;[0,k;] = {fi(o;)|f;(0) =0,

) 6

155 ()l < 2,0 < 0 f5(0;) < kjos(o; #0)} (©)

where o and k; (j = 1,2, -+ ,n) are positive scalars.

Throughout this paper, we will use the following con-
cepts and introduce the following useful definitions.

Definition 11,

1) The pair (E, A) is said to be regular if det(sE — A) is
not identically zero.

2) The pair (F,A) is said to be impulse free if
deg(det(sE — A))=rank E.

Definition 201,

1) The uncertain Lur’e time-delay singular system (1)
is said to be regular and impulse free if the pair (E, A)
is regular and impulse free for all admissible uncertainties
described in (4) and (5).

2) The uncertain Lurie time-delay singular system (1)
is said to be stable if for any € > 0 there exists a scalar
d(g) > 0 such that for any compatible initial conditions
o(t) satisfying sup_-<i<ol|@(t)|| < d(g), the solution z(t)
of system (1) satisfies ||z(¢)|| < e, for ¢ > 0; furthermore,
tlggo ||lz(t)]| = 0 for all admissible uncertainties described in
(4) and (5).

Definition 3. The uncertain Lurie time-delay singular
systems (1) is said to be robustly stable if system (1) with
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w(t) = 0 is regular, impulse free and stable for all admissi-

ble uncertainties.

Definition 4. (The problem of robust H filtering)
The uncertain Lurie singular system  is said to have a ro-
bust H performance if there exists a singular and robustly
stable filter of order n with the following form:

Y5 :0= Aszs(t) + Bry(t) (7)

z5(t) = Lyz(t),z;(0) =0 (8)

such that not only the filtering error system is robustly
stable in the sense of Definition 3 , but also the filtering

error
z(t) = 2(t) — 25 (1) ()

satisfies the following condition:
/ FT3dt < v2( / wTwdt + 7) (10)
0 0

for given scalars v > 0, and o > 0, for all non-zero w(t) €
L;[0,00) and for all parameter uncertainties. Note that
the scalar o > 0 is induced by the initial condition of the
system.

3 Main results

In this section, the problems of robust stability and
robust H filtering based on LMI approach for systems
(1)~(4) are discussed. The following theorems are useful

for derivation of the main result.
Theorem 1. Consider the uncertain Lurie time-delay
singular system 3. This system is robustly stable and

/ 2T z2dt < 72(/ wlwdt + 7) (11)
0 0

for given scalars v > 0, and o > 0, if there exist a matrix

P, a positive definite symmetric matrix @) > 0, and scalars
€ > 0 and 6 > 0 such that the following conditions hold,
ie.,

EPT =PET >0 (12)
A1+ hX <792 /v (12")
My M,
M= - 12
[ i A | <o (12)
where
Ny =| PBY —~2I 0
| PAT 0 -1-d)Q

M11=A0PT+PAE+Q

[ E, PCTKT PLT PHY &
My=| 0 0 0 PHY 0
| 0 0 0 PHF o
[ ET 0 0
KCPT 0 0
M = LPT 0 0
H,PT H;PT H,PT
GT 0 0
[ —e=1T 0 0 0 0
0 —el 0 0 0
M, = 0 0 -1 o0 0
0 0 0 -6I 0
0 0 0 0 -6

and 8 > 0 is the unique root of the equation

B+ AaheP™) = A (13)

with
Al = Amax(P71E)
A2 = Amax(P7'QP™T)
At = Amax(P'M, P™T)
v Mll MIZ
M, = " i
' [ Mis M }
where

My = My, + eEoEY + 0GGT +0-*PHT H, P*
Mo = A, PT + 07 'PHT H, PT

M3 = PAT + 0" *PHTH, P"

My =—(1—-d)Q+ 0 'PHIH,PT

Proof. First, we prove the robust stability of system X.
To this end, we consider the system ¥ with w(t) = 0; that
is

Ei(t) = Aoaz(t) + Aiaz(t — hi(t)) + Eof (0 (t)) (14)

Where AOA = Ao =+ AA()(), and AlA = Al + AAl()

By Schur complement argument, the LMI (12”) is equiv-
alent to AgPT 4+ PAT +Q < 0, and Q > 0. Then it is easy
to see that AgPT + PAJ < 0. From Dail?, it follows that
the pair (E, Ap) is regular and impulse free. Therefore, by
Definition 2, the singular delay system X is regular and
impulse free.

Dail®! showed that if the pair (E, Ao) is regular and im-
pulse free, then there exist two orthogonal matrices L1 and
Ly € R™*™ such that

_ I 0
B = [ EL, — [ oY ] .
A= L AoL 4,0

= L1AoLs = 0 I, .

where I, € R™", and In_, € R *("=") are identity
matrices, A, € R™*". According to (15), let

f A A

A1 = LlAlLQ = [ A;i A;z :|

B, :— 7 S _ E01

By := L1BoL2,Ey :== L1Ey = Fos (16)

C:=L;'"CLy, K := KL,
)y = LOLT = Qu Qn :|
Ql IQ [ Q21 Q22

Pre-multiplying and post-multiplying the left and right-
hand sides of (12), (12'), and (12") by diag{L1, L1, L1, I,
I,I,1,1}anddiag{LT, LT, LT, I, I, I, I, I'}, respectively,
we have

EPT =PET >0 (17)

and

M:{Ml M2}<0 (18)
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where
o _ o o On the other hand, by Schur complement and (18) we
_ My, BoPT A, PT have
M, =| PBy I 0o My, + 609,97 + 671070, <0
| PAT 0 —(1-d)Q
My = APT + PAT +Q According to [6] and (25), it can be deduced that
_ [ Ec PCTK™ PLT PHY Gy _ _
My=| 0 0 0 PHF o0 Mia < My 460,097 671070, <0 (26)
DT
L0 B 0 0 PH; 0 impling that for all £(¢) # 0
[ Eq 0 0 . .
= KCPT 0 0 VE®) < =g lIEDI7 < =24 €@ (27)
My=| LP*™ 0 0
HPY HsPT HP where A ¢ = —Amax [P~ (M1 4+ 02:Q7 +607'Q5Q0) P~
Gl 0 0 Then we obtain, for a scalar 3 > 0,
[ —e 11 0 0 0 0 4PV (E(H))
i 0 eI 0 0 0 el _ ot ) 4 VE(RY] <
P B s L) _er v ) + Vi) <
0 0 0 601 0 PH(MB — A |IE@) |12+
0 0 0 o _or ’ I( : D lEDI
%6 [ lg)lPas
Now, let t—h(t)
(1) _ o L
€0 ="L;"2(t) = [ £.(1 (19) where A1 = Anax(P7'E), A2 = Amax(P71QP™T).

where &, (t) € R" and €,(t) € R"~". Substituting (15) and
(16) into the singular delay system (14), we get

E&(t) = Aoaz(t) + Aiaz(t — h(t) + Eof (n(t))  (20)

where n(t) = CE&(t). It is easy to see that the stability

of the uncertain Lurie time-delay singular system (20) is
equivalent to that of system (17). The singular delay sys-
tem (20) can also be decomposed into

£(6) =Araby (1) + Aria€y(t — h(D) o)
+ Araaky(t = h(t)) + o f (n(0)
0 =¢ (t) + A21A£1 (t — h(t)) (22)
+ Aaaky (¢ = h(t)) + Evaf (1)
Define
VEW) =€ OPLEM 1 [ €8 PTQP e

t

=€£T(HPTEE(L) + o £5(s)PT1QP™TE(s)ds
(23)

According to, for example [1,3~5], we can immediately
deduce that the following inequality holds

V(E®) <€ (t)P
where £(t) = [ €7(t) € (t—h(t)) ]

“INLAPTTE() (24)

Mon = Mua  AiaPT
2= PAL, (1-4d)Q

Miia =Aoa PT + PATL + Q+
eEyE] +e 'PCTKTKCPT
_ Consider uncertain expressions (4) and (5), the matrix
Mia can be rewritten as
Mia = My 4+ Q1 F(z,t)Q + (1 F(z, 1)) " (25)
where M; is M;a without uncertainties AAq() and AA; (), and
oy =[ 67

0},QQI[H1PT HzPT}

Since L; and Lo are orthogonal matrices, it follows from
(13) that 8 > 0 is the unique root of the equation

ﬁ(j\l + Xgheﬁh) = >\ 2

M

Integrating both sides of this inequality from 0 to t and
then considering the following inequalitym

/ot e”t(/tim €(s)1*ds)dt < he?" / S HOIRCE

we have

V() < e 'V (g(1)

where @(t) = Ly '¢(t). Therefore,

€, 117 < (e /Aumin (P1"))V (8(2))
which implies that
Jim [l€, ()] = 0 (28)

Furthermore, by (23) and (24),

Anin (PO O = V(60 < [ V(E(s))ds <
A HOIRE

So, we can deduce that
/0t €2(s)[17ds < (1/A )V (9(2)) (29)

According to (27), we have

/Ot | Eozf ()lldt < /Ot Vs (€ ()1 + ll€ (1) 11)de

where A3 = Amax[CT KT Efy Eo2 KC] > 0.
Taking into account the famous Barbalat’s Lemmal®, it
follows from (6), (28), and (29) that

tlil’{.loEozf("l) =0 (30)
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Thus, combining (18) and (22) with (28) and (30), we
can get
Jim [1€,(8)]| = 0 (31)

which implies that system X is robustly stable.
Next, we will show the Ho performance of system X.
To this end, if the dimension of w(t) p < n, substitute

@ (t) = [ w'(t) 0] for w"(¢) such that w(t) € R".
At the same time, substitute the matrices [ By 0 ] and
[ AB1o() 0 | for matrices By and ABig(), respectively,

such that matrices By and ABio() € R"*". Consider the
following system

EE(t) = Aoa&(t) + Ara&(t — h(t)) + Eof (n(t)) + Boaw(t)
z(t) = LE(t)
where w(t) = Ly 'w(t). Similar to the derivation of (27),
according to [6,9,10], we can obtain
V(E®),w(t) + 27 (1)z(t) — v*o" (tw(t)
= V(E(),w(t) + 27 ()2(t) — v w" (tw(t) (32)
<CT(OPTI M PTT(t)

where ((t) = [ €7(t) €T(t—h(t)) @*(t) |, and

] My BoPT | om an s
iy = [ par Doy | vemar +eara,
Q’lI‘ = [ Q’IT 0 ] ,QQ = [ QQ HgPT }

Integrating both sides of (32) from 0 to co and taking
into account tlim &(t) =0, (12¢) and (18), we have

/ 2T zdt — 72/ wTwdt < V(p(t)) < (M + hA2)v < 772,
0 0

which implies that (11) is satisfied. This completes the
proof. O
Now, we are in the position to present the solution to the
robust Hs filtering problem for uncertain Lurie time-delay
singular systems.

Defining ¢ = [ "(t) z}(t) ]T, noting (4) and (5),
and after extending the dimension of w(t), we derive the
following augmented model from system X and the filter
> ¢. where

Se 1 Bp(t) =(Ao + AAo(-))e(t)
+ (A + AL ())e(t — (D)
+ Eof(@(t)) + (Bo + ABo(-)(t)  (33)
2(t) =Le(t),0(t) = Co(t)
eM)=[ ¢"(t) 0]" te[-h,0]

ByCo Ay
A= D)= o ]
Bo=| gy o] B=l0 ~is]
c=[cC 0},Aflo()=[3?§a (OJ}

o)

Py

>

Q

o
S
éﬁx
Il
oy}

[

Edo
[N en)

The parameter uncertainties in system . can be rewrit-
ten as

[ 840() DA AB() | =

- B ~ ~ (34)
CiF(a(t)t) | By Hy s |
where
~ G, _
Glz[chz ],le[ H 0]
Hy=[H, 0],Hs=[ Hs 0]

As in the work of Gahinet and Apkarian!™l, it is assumed
that the matrix P has the following form.

IR

y-1 I I 0 }:X;IXZ (35)

where Y > 0 is a symmetric matrix and W is a nonsingular
matrix. Then, (12a) is equivalent to
X\ PEXT = X, ETPTXT

which implies that
YE=ETY (36)

With the techniques in Theorem 1, we can deduce

M’ =diag{X,,I,1,1,1,1,1,1}diag{P,P,P,1,1,1,1,1}Mx
diag{XT,I,1,1,1,1,1,1}diag{PT,PT, PT I,I,I,1,I} <

0
(37)
Set
_ T _ pApT _ | P 0
T = PPTS, & = PQPT = [ 0" &y }
(11, = @, > 0 and P2p = @3, > 0)
Then, the following inequality holds.

M =diag{diag(I,Y), I, 1,1,1,1,I,T}M’'x (38)

diag{diag(I,Y),I,1,I,I,I,I,1} <0

where M < 0 is denoted by inequality (39), with 9o =
YCI)QQY, and

= | Mo M g (39)
M3 M4
where
- @11 @12 C_')13
M, =| ©f, —27 0
of, 0 —(1—-d)®
. ©1s O15 O Oi17 O
My = 0 0 0 O27 0
0 0 0 O37 0
eT, o 0
N eL, o0 o
Ms=| O 0 0
@% 03, o5
e, 0 0
—e I 0 0 0 0
N 0 —I 0 0 0
M, = 0 0 —1 0 0
0 0 0 —01 0
0 0 0 0 -0~
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) 8 Kirstic M, Deng H. Stabilization of Nonlinear Uncertain Sys-
0, — sym(Y Ao +T'Co) + @11 sym(Y Ao) +I'Co + 11 } tems. London, UK: Springer-Verlag, 1998
T sym(YAg) + CITT + 1T sym(Y Ag) + @11 + P ) ) .
- - 9 Boyd S, Ghaoui L E I, Feron E, Balakrishnan V. Linear Ma-
O3 = YA +TCy 0 } Q47 = |: H, :| trix Inequalities in System and Control Theory. Philadel-
I YA, 0]’ 0 phia: STAM, 1994
Q5 = YBo+TB 0 :| ,O14 = [ YEo + Tk :| 10 De Souza C E, Xie L, Wang Y. H filtering for a class of
L Y Bo 0 Y Eo uncertain nonlinear systems. Systems Control Letters, 1993,
[ CTKT LT 20(6): 419~426
O15 = CTKT ]7616: |: LT+ LT :|
- 11 Gahinet P, Apkarian P. A linear matrix inequality approach
0., — [ HF O = YG, +T'Gs O.r — HT to H. control. International Journal on Robust Nonlinear
o HE |0 T YGy T 0 Control, 1994, 4(3): 421~448

Synthetizing the above analysis, we derive the main re-
sults in this section.

Theorem 2. Consider the uncertain Lurie time-delay
singular system ¥ together with (7) and (51? For given
scalars v > 0, and o > 0, So the robust H filtering prob-
lem is solvable if there exist a matrix I', II, a positive def-

inite symmetric Y, ®11, P22. Pz = Y P2V, and scalars
e > 0, and 6 > 0, such that equality (36), LMI (39) and

(12") hold, and 3 > 0 is the unique root of (40)

B(A1 4+ A2he®™) = )\Mh (40)
with
A = Anax(YE)
Ap = ma—X(Amax(éll)y )\max(¢22))
N, = Ao (1)
where
. M! M!
M. = Vi1 112
H [ 113 Miy :|

M{ll = [911 + 59149’{4 + 96186?8 + 0_1@176’{7]
M, =613+ 07'0,,07;
M{m = @rlfs + 9_1@379?7

~, P 0
M114:[_(1_d)|: 61 By

:| +607'0;,07,
In this case, a suitable Hy filter in the form of (7) and
(8) is given by

A=W HIY "}, B = W, Ly = LY 1,

where W is arbitrary nonsingular matrix.
Proof. From the above analysis and Theorem 1, the
desired result follows immediately. g
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