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Guaranteed Cost Controller Design of Networked
Control Systems with State Delay

XIE Jin-Song® FAN Bing-Quan' YANG Jin®

Abstract This paper is concerned with the state-feedback guaranteed cost controller design for a class of networked control systems
(NCSs) with state-delay. A new model of the NCSs is provided under consideration of the network-induced delay. A sufficient
condition for the existence of a guaranteed cost controller for NCSs is presented by a set of linear matrix inequalities(LMIs). A
method, which can transform non-convex to the convex, is applied. Accordingly, a numerical algorithm is proposed to obtain the

Young Sam Lee ?

lower bound. Theoretical analysis through an example shows the effectiveness of the method.
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1 Introduction

The networked control systems(NCSs) have recently
been studied by more and more researchers since their low
cost, reduced weight and power requirements, simple in-
stallation and maintenance and high reliability™>?. In an
NCS, one of the important issues to treat is the effect of
the network-induced delay on the system performance. For
the NCSs with different scheduling protocols, the network-
induced delay may be constant, time-varying, or even ran-
dom variable!®.

The guaranteed cost control of uncertain systems was
first put forward by [4] and studied by a lot of researchers,
which is to design a controller to robustly stabilize the un-
certain system and guarantee an adequate level of perfor-
mance. The guaranteed cost control approach has recently
been extended to the uncertain time-delay systems, for the
state feedback cases, see [5~7]; for the output feedback
case, see [8].

In this paper, the author’s intention is to design a guar-
anteed cost controller based on the network delay for a
class of uncertain time-delay. Sufficient condition for the
existence of a guaranteed cost state-feedback controller is
established in terms of matrix inequalities. At the same
time, the maximum allowable value Tiq. of the network-
induced and guaranteed cost bound are obtained and the
guaranteed cost control strategy is proven by a numerical
example.

The remainder of this paper is organized as follows: Sec-
tion 2 describes the problem formulation. In Section 3,
details of the modeling of networked control systems are
discussed. Section 4 obtains the guaranteed cost controller
design and illuminates the method which switches a non-
convex problem to a convex. Section 5 introduces a numer-
ical example. Section 6 presents conclusions.

2 Problem formulation

Consider a class of linear uncertain system with time-
delay in the state described by the following equations

z'(t) = [A+ AAJz(t) + [Aqg + AAglz(t — d)+
[B + ABJu(t

) (1)
z(t) = p(t),t € [=d, 0]

Received April 12, 2005; in revised form February 27, 2006

Supported by National Natural Science Foundation of P. R. China
(70371011), Shanghai Leading Academic Discipline Project (T0502)

1. Center of Research on Transports System, University of Shang-
hai for Science & Technology, Shanghai 200093, P. R. China 2.
School of Electrical Engineering, Inha University, Inchon, Korea 3.
College of Science, University of Shanghai for Science & Technology,
Shanghai 200093, P. R. China

DOI: 10.1360/aas-007-0170

where z(t) € R" is the state vector, u(t) € R™ is the control
input vector, A, Ag € R™*™ and B € R™*™ are known con-
stant real matrices, AA,AA; and AB are matrix-valued
functions of appropriate dimension parameter uncertain-
ties in the system model. o(¢) is a given continuous vector-
valued initial function and subsection differential on [—d, 0].
The parameter uncertainties considered are assumed to be
norm bounded and satisfy

[AA AAy AB)=DF()|E Eq By (2)

where D, E, E4, E}, are known constant real matrices of ap-
propriate dimensions that represent the structure of uncer-
tainties, and F(t) € R**’ is an uncertain matrix function
with Lebesgue measurable elements and satisfies

FTFt)<T (3)

in which I denotes the identity matrix of appropriate di-
mension. Associated with system (1) is the cost function

J= /Ooo[mT(t)Qm(t) + u™ () Ru(t)]dt (4)

where Q and R are given positive-definite symmetric ma-
trices.

Definition®). For the uncertain system (1), if there
exist a control law u*(¢) and a positive scalar J* such that
for all admissible uncertainties the closed-loop system is
stable and the closed-loop value of the cost function (4)
satisfies J < J*, then J* is said to be a guaranteed cost
and u*(t) is said to be a guaranteed cost control law for the
uncertain system (1).

The objective of this paper is to develop a procedure
for designing a memoryless state feedback guaranteed cost
control law

u(t) = Kx(t) (5)

for the linear uncertain time-delay system (1).

3 Modeling of networked con-
trol systems

In an NCS, suppose that the sensor is clock-driven, the
controller and actuator are event-driven and the data is
transmitted with a single-packet. Then the real input u(t)
realized through zero-order hold in (1) is a piecewise con-
stant function. Furthermore, if we consider the effect of
the network-induced delay and network packet dropout on
the NCSs, then the real control system (1) with (5) can be
rewritten as

' (t) = [A+ AA]z(t) + [Aqd + AAg)z(t — d)+
[B + AB]u(t),t € [’Lkh + Tk,ik_;,_lh -+ Tk+1) (6)
u(tJr) = Kl'(t — Tk),t c {ikh+7'k, .. }
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where h is the sampling period, ix(k = 1,2,---) are some
integers and {i1,42,---} C {1,2,---}, 7% is the time de-
lay, which denotes the time from the instant ixh when the
sensor nodes sample sensor data from a plant to the in-
stant when actuators transfer data to the plant. Obviously,
Useylikh + Tey ik1h + Teg1) = [0,00). According to (2),
system (6) can be rewritten as the following equivalent form

() = [A+ DF(t) E]la(t) + [Ad + DF () Eda(t — d)+
[B -+ DF(t)Eb]Kl‘(ikh),t (S [Zkh + Tk, ik+1h + Tk+1)(7)

and (4) can be rewritten as
J= / 2 () Qu(t)dt +
0

i igr1h+tTe41 T T
> / x " (iyh) K" RK x(ih)dt (8)
k=1"ih+t7k

4 Main results

The following Lemmas will be used.
Lemma 1. For any vectors a,b and positive-definite
matrix X, there exists

+24Tb<aTX 'a+ b7 Xb

Lemma 2. Given appropriate dimension matrices D, E
and symmetric Y, the matrix inequality

Y+ DFE+ETFTDT <0

holds for all F satisfying FTF < I if and only if there exists
a constant € > 0 such that

Y +eDDT + e 'ETE <0

First we present a sufficient condition for the existence
of memoryless state feedback guaranteed cost control laws
for an uncertain time-delay system.

Theorem 1. u(t) = Kz(t),(K = YXT) is a guar-
anteed cost controller if there exist symmetric positive-
definite matrices P > 0,§ > O,f > 0, and appropriate
dimension matrices X,Y,N;(i = 1,2,3,4), and a scalar
e > 0 for any given scalars 7,p;(i = 2,3,4), and matri-
ces @ > 0,R > 0 such that (9) holds. At the same time
the guaranteed cost J* satisfies (11).

where

1= §+ ]\71 + NlT — AXT — XAT +EDDT
21 = N2 XAY — ppAXT 4 6p2DDT

.QQQ = —S pQXAd — pQAdX —|— EpQDDT

Q31 = N1+ + N5 — YTBT — psAXT 4 epsDDT
(239 = *]\7’2T — poYTBY — p3AgXT + €pops DDT
Q33 = —Ns — N3 — psBY — p3YTBT 4 ep2DDT
241 = N4 + X - p4AXT -+ ﬁ+ Ep4DDT

Qa2 = poX — psAgX™ + epapaDDT

Q43 = =Ny + p3X — psBY +epsps DD"

Q44 = TT+ paX + P4XT + SPEDDT

Proof. Construct a Lyapunov functional as

t

V(t) = 2" () Sz(a)da+

[

where P > 0,5 > 0,7 > 0.

Since z(t) — z(irh) — f n @' (@)da = 0 and by (7), one
can see that any arbitrary matrlces N;, M;(i=1,2,3,4) of
appropriate dimensions satisfy

" (t)Px(t) + /

—d

(a)dads (12)

202" (H)N1 4 " (t — d)No + " (ixh) N3 + 2T (t) Ny x

@) ~ o) ~ [

inh

z'(a)da] =0
(13)

202" ()M + 2" (t — d) Mz + x " (ixh) Mz + 2" (£) Ma] X
[~ Az(t) — Agz(ivh) — BKx(ixh) + 2 (t)] :(01 )

where A = A+ DF()E,Aq =
B+ DF()E.

Taking the time derivative of V(¢) for t €
Thy i1 + Tet1), and using (13) and (14) yields

Ag + DF(t)Ed,B =

[ikh —+

V' (t) = 22" ()P’ (t) + 2" (8)Sx(t) + T2’ ()T’ (t)—

t
(i1 —iR)h 4 Topr < Tk =1,2,--- (10) &’ (t — d)Sx(t —d) — /_ " ()T () dat
. 2z (t)N1 4+ " (t — d)No + 2" (ih) N3 + 2" (t) Ny] x
J <@ ()X PX ™ p(0)+ :
0 - [x(t) — xz(ixh) — / z'(a)da]+
/ e (@)X 'SX Tp(a)da+ ixh
2T ()M + 2" (t — d)Ma + z" (ixh) Mz + 2’ (t) My] x
/ / )X ' TX "¢ (a)dadB = J* (11) [—Az(t) — Agz(ixh) — BKx(ixh) + ' (t)]
(15)
[ (1 * * * * * * x ]
(221 (292 * * * * * *
(231 (232 (233 * * * * *
0 24 242 943 244 * * * * . .
o TNlT TNQT TN3 T]\_f4T —7T * * * < 9)
0 0 Y 0 0 -—-R! * *
X7 0 0 0 0 0 -Q!
| EXT E.XT EXT 0 0 0 0 —el |
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From (10) it can be seen that when
t € [ikh + Tiyikr1h + Tet1)

_/t_ z'(@)Tz'(a)da < —/ hx'(a)Tx'(a)da (16)

Using Lemma 1, we can show that

—2[zT (t)Ny + 2" (t — d)N2 + 2" (ixh) N3 + ='*

¢ ¢
/ 2'(a)da < Te" ())NT'NTe(t) +/ z'"
ixh igh

() Na] x

(a)Tz' (a)da

(17)
where
()=l (t) «"(t—d) 2 (ich) (V)]
T=[NT NS N5 N
Combining (15), (16) and (17), we obtain
V() < e"(t)Re(t) — x (1) Qux(t)—
x" (ih) K" RK x(i,h)
te [’ikh+Tk,ik+1h+Tk+1) (18)
where
011 * * * *
Qo1 (o ok * *
0= Q31 Q32 Q33 ¥ *
On e Sy O *
TNt 7N§ +Ni +Nf —7T
21 =8+ N1+ N —MA—ATMT +Q

@21 = Ny — Mo A — A" MT

D2y = =8 — MaAy — Ay My

251 = —=N{ + Ns — KTBTMT — M A

230 = —N§ — KTBT MY — MsAy

233 = —N3 — NI — M3BK — KTBTM{ + KTRK
24 =Ny+ MF — M4A+ P

40 = MF — My Ay

.043 = —Ny + Mér — M4BK

44 =7T + My + M]

So if £2 < 0, then (18) implies V'(¢) < 0.

Using Lemma 2, we obtain

0= Y +M{FM,+ MIFMy; <0
& Y+eMiMg+e *MIM. <0 (19)
where
?11 k * * *
Va1 Yao K * *
Y=| Yy Y Yaz  x *
Yoo Yo Yiz Y *
7']\/'{F TN; TNéT 7']\/';F —7T

Yii=8+ N+ N —MA—ATMT +Q

Yo1 = No — Mo A — AT MT

Yoo = =S — MaAy — AT MT

Ys1 = —Nf + Ns — KTBTMT — M3 A

Yao = —N& — KTBT MY — M35 Ay

Ya3 = —N3 — Ny — M3sBK — KTBTMJ + KYRK
Y41 :N4+MF7M4A+P
Yio = My — MyAq

Yis = —Ny + M3 — MyBK
Yia =77 + My + MF

Mg = —[(M:D)* (M2D)"

M.=[E E; EyK 0 0]

(M3D)" (M4D)" 0]

In the sequel, by using Schur complement and defining:
M = M, My = p2M1,M3 = psMi, My = p4M1,X =
M 'Yy = KX' P = xpPx",§ = XxSxT,T =
XTX" N, = XNZXT(i = 1,2,3,4), and pre-, post-
multiplying both sides with diag(X X X X X [ I I)
and its transpose, we have (19) < Q < 0, thus proof of
V'(t) < 0.

From (18) we can see

T (1)Qux(t) + T (ixh) KT RKz(ixh) < =V'(t)  (20)
integrating (20) from ixh + 7% t0 ix+1h + Tr+1, and using
Use i likh + Ty tkgrh + Tr1) = [0,00), V(o0) = 0 then we
get the (11). Thus we complete the proof of Theorem 1. O

Given d, in order to obtain a controller wu(t) =
Y X~ "z(t), which achieves the least guaranteed cost value
J*, we have to solve the following minimization problem

Minimize Ji + Jz2 + J3 subject to (9) (21)
where
Ji =" (0)X ' PXTp(0)
0
Jo = / e (@)X 'SX Tp(a)da
Js = / / XX Ty (@)dadB  (22)

However, it is noted that the terms Ji,J2,Js are not
convex functions of X and 15, 5"7 T. As a result, unfortu-
nately, we can not find in general the global minimum of
the above minimization problem using a convex optimiza-
tion algorithm[lo]. However if we can afford more compu-
tational efforts, we can obtain a guaranteed cost controller
achieving a suboptimal guaranteed cost, say JJ,, using an
iterative algorithm presented in [11].

In the sequel, let us derive the upper bounds on the cost
functions Ji, Jo, J3. Before starting the problem, let us de-
fine matrix values II, Il2, I3, such that

I = ¢(0)¢" (0)

= [ st @

e[ [

To derive the upper bound on Ji, let us introduce a new
variable A4 = AT such that

(a)dadg (23)

X 'PxT<4 (24)
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By Schur complement, (24) is equivalent to

-4 X!

x-T —pt

By introducing new values M, P, the condition (25) can
be replaced by

-A M

M* —P

} <0 (25)

]<0M xp=pP" (26)

Assuming (26), we can conclude that the following in-
equality holds

ST OXTPXTp(0) < tr(I1,A) (27)

To derive the upper bound on Js, let us introduce a new
variable II = II"" such that

X 'Sx T<n (28)
By Schur complement, (28) is equivalent to

[ - x!

o T <o (29)

By introducing a new value S, the condition (29) can be
replaced by

[—H M

4T —S}<O’S:§_l (30)

Assuming (30), we can conclude that the following in-
equality holds

/j; 0T (@)X T'SX T p(a)da < tr(Il 1) (31)

To derive the upper bound on J3, let us introduce a new
variable Z = 57 such that

X 'Tx T<=z (32)
By Schur complement, (32) is equivalent to
e -EP. O
[ o m } <0 (33)
By introducing a new value T, the condition (33) can be

replaced by

[_5 M

uT T } <0,T=T" (34)

Assuming (34), we can conclude that the following in-
equality holds

[

For some constant J, assume

X'TX T (@)dadf < tr(ILE)  (35)

tr(ILA) + tr(ILIT) + tr(I3.5) < J (36)

Combining these facts, we can construct a feasibility
problem as follows

Find P,S,T,X,P,5,T,M, A, II,Z,Y,N;(i =1,2,3,4),¢
Subject to P >0,8 >0,T > 0,(9)(26)(30)(34)(36)

Given d and J, if the above problem has a solution, we
can say that there exists a controller u(t) = Y X Tx(t)
which guarantees the cost function (4) is less than J*.
Note that the conditions (26) (30) (34) still include non-
linear condition, eg. P = Pt However, using the idea
in a cone complementary linearization algorithm[“], the
above feasibility problem can be solved iteratively. Now,
we suggest the following nonlinear minimization problem
involving LMI conditions instead of the original non-convex
minimization problem in (21)

Minimize tr(PP 4 S8 +TT + XM)
Subject to P >0,5>0,T > 0,(9)(36)

A M 7 M
Mt —p | <0 yr g | <0
[ -= M P I
L Cr o[ TR
(S 1 T I
_ > — >
IRV
)1(1{4}20 (38)

If the solution of the above minimization problem is 4n,
that is, tr(ﬁ]3 + S5+ TT + XM) = 4nM ) we can say
from Theoreml that the system (6) with the controller
u(t) = YX~Tx(t) is uniformly asymptotically stable with
the guaranteed cost J*. Although it is still impossible to
always find the globally optimal solution, the proposed
nonlinear optimization problem is easier to solve than the
original non-convex minimization problem in (21). Actu-
ally, utilizing the linearization method in [11], we can easily
find a suboptimal minimum of the guaranteed cost using
an iterative algorithm presented in the following.

Algorithm.

Step 1. Choose a sufficiently large initial J such that
there exists a feasible solution in (38). Set Jso, = J.

Step 2. Find a feasible set (P_E), Po, So, So, To, To, Xo,
My) satisfying LMIs in (38). Set k=1.

Step 3. Solve the following LMI problem for the vari-
ables (P, P,S,5,T,T, X, M):

Minimize tr(PyP + SiS + TiT + XM + PP, + SS;, +
TTy + X My) 5ubJect to LMIs in (38)

Set Pk+1 = P Sk+1 = S Tk+1 = T Xk;Jrl = X Pk+1 =
P, 81 = S, Toss = T, Mysr = M.

Step 4. If the condition (24), (28) and (32) are all satis-
fied, then set Js, = J and return to Step 2 after decreasing
J to some extent. If the condition (24), (28) and (32) are
not satisfied within a specified number of iterations, say
kmaz, then exit. Otherwise set k = k+ 1 and go to Step 3.

5 Numerical example

Example. Consider the following uncertain time-delay
system:

[ 14+0.33F(t)
x(t)_[ 0.53F(t)

[ 065 9.325 ]x(tfd) + [ 8:357) ]u(t)

where d = 1,z1(t) = 3™ — 1,22(t) = 0, for t € [~1,0]

0.42F (t
2+ 0.6%)7(1&) ] z(t)+
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and F?(t) < 1. We consider the cost function (11), set
Q = 05LR = 01,p2 = 2,p3 = 3,p4 = 4 and use the
algorithm in the above, then obtain Table 1 with d given.

From Table 1: when d declines a little, the maximum al-
lowable value Tinqez of the network-induced increases a lot,
even so, the system will be asymptotically stable as before.
Accordingly, the value Js, drops a lot. Of course, we can
give Q, R, p2, p3, pa other values, relative Tmaz, Jso, K will
be obtained respectively.

Table 1 When d given then obtaining Tmaqx, Jso, K

d Tmaz Jso K
1 0.15 469.98  [-2.690 -1.096]
0.5 0.45 126.63 [-1.295 0.120]

6 Conclusion

In this paper, we firstly model NCSs with network delay
for a class of uncertain time-delay systems. Based on the
model, a guaranteed cost controller design is presented and
a sufficient condition for the existence of a guaranteed cost
state-feedback for a class of uncertain time-delay systems
is given and an algorithm involving a convex optimization
is applied to construct a controller with a suboptimal guar-
anteed cost such that the system can be stabilized for all
admissible uncertainties. At the same time a simulated ex-
ample is given to show the effectiveness of the algorithm.
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