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Finite Time Formation Control for Multiple Vehicles Based on Pontryagin’s
Minimum Principle

GENG Zhi-Yong'

Abstract
minimum principle. The vehicle is modeled as a fully actuated rigid body with the dynamics evolving on the tangent

The paper studies the problem of finite time formation control for multiple vehicles based on Pontryagin’s

bundle of Euclidean group. Both the formation maneuver time and the geometric structure of the formation are specified
by the formation task. For the required formation, an open loop optimal control law is derived by using Pontryagin’s
minimum principle. In order to overcome the sensitivity of the open-loop control to the disturbance and increase the
robustness of the control law to the initial perturbation, the open loop control law is converted to the closed loop form.
This is done by feeding the current state back and initializing the control law at the current time, under the assumption

that the mode of communication between the vehicles is all-to-all.

For demonstration of the result, some numerical

examples of formations for both planar and spacial vehicles are included.
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Fig.2 The time behaviors of the two vehicles during the
process of achieving consensus (From top to down:
configuration (position and attitude angle) in the space
frame; relative configuration with respect to the body
frame of first vehicle; velocity in the body frame; control
in the body frame. From left to right: the coordinates of
the corresponding quantity in x-axis, y-axis, and attitude

angle 6.)
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Fig.1 The evolution trajectories of position and attitude of the two vehicles (The 3rd figure are the evolution

trajectories of position and attitude at t = ty.)



50 H 3l 1k * Eird 43 %
23 gt 2 AR The time behaviors of the system
. . . Configurati Configurati Configurati
Table 3  Relative configurations at final time 200—oedEon 200 oo 5 —oeuron
=
AR (14) (11) (12) (13) (14) -
200570 15 2006 5 d0 15 20 5 0 15
x14(ty) 0 —40 —40 —30 Relative configuration Relative configuration Relative configuration
500 200 5
1 (ty) 0 —40 40 0 N\ 3
50 5 o~ S0
91-;(tf) 0 0 0 0 <
- — — — 50003 10 15 290 5 10 15 50 5 10 15
BT R AR 57— 2R A W 4 AR 2R (W R R IO 7 BEE AR A (10, Y1) Body velocity Body velocity Body velocity
§ 20 50 0.5
FIAHXT 25 01 2h1H.
For 25 % of the total time For 50 % of the total time £ 0 & OQ_ s O®_
100 100 20035 10 15 % 3 10 15 "0 5 10 15
Control twist Control twist Control twist
50 50 10 20 0.2
0 0 o><:31— o>q_ s ON_
N N
-50 -50 M5 10 15 2% 5 10 15 %% 5 10 15
Time /s Time /s Time /s
~100 ~100

U e

-100 =50 0 50 100 -100 =50 0 50 100
X X

For 75 % of the total time For the total time

100 100
50 50
0 0

EN EN
—50 =50
-100 -100

-100 =50 0 50 100 -100 =50 0 50 100
X X

K3 PhzEry e O e Sl (At =t
IPAR) BT O B AT A L)

Fig.3 The evolution trajectories of position and attitude

of the two vehicles (The figure on the bottom left are the

evolution trajectories of position and attitude at ¢ = t¢.)
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Fig.4 The time behaviors of the two vehicles during the
process of achieving consensus (From the top down:
configuration (position and attitude angle) in the space
frame; relative configuration with respect to the body
frame of first vehicle; velocity in the body frame; control
in the body frame. From left to right: the coordinates of
the corresponding quantity in z-axis, y-axis, and attitude

angle 6.)

TERZ) tp = 10, FAXAIEARKCH SE(2) b3
™A

[1.0000 0  —40.0010 |
G2 = 0  1.0000 —40.0003
0 0 1.0000 |
[ 1.0000 0  —40.0003 |
G13 = 0  1.0000 40.0010
0 0 1.0000 |
[ 1.0000 0  —80.0012 |
G4 = 0  1.0000 0.0007
0 0 1.0000 |

B RFEHRGIERZ] t, = 10, 25 2, 3. 4
BEARAXTTH 1 B8R LA R 0, FIXFT25—
B AR B E Y B (40, —40), (—40,40) Fi
(—80,0), iK% TN, HFEt >ty JFHRFF
.



1 BRRE 53 BT e B i/ DML I HR Y 22 32 A R 1] 4 BA 92 1 51

For 25 % of the total time

For 50 % of the total time

For 75 % of the total time For the total time

Bl 5 Pz O B Sl (Tt =ty
i VD TRIING AVA S <X 7[R )W)

Fig.5 The evolution trajectories of position and attitude

of the two vehicles (The figure on the bottom left are the

evolution trajectories of position and attitude at ¢ = ¢y.)
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Fig.6 The time behaviors of the two vehicles during the
process of achieving consensus (From top to down:
configuration (position and attitude angle) in the space
frame; relative configuration with respect to the body
frame of first vehicle; velocity in the body frame; control
in the body frame. From left to right: the coordinates of
the corresponding quantity in z-axis, y-axis, and attitude
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Table 4 Initial configurations and initial velocities of
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Fig.7 The evolution trajectories of position and attitude
of the two vehicles (The figure on the top left are the

evolution trajectories of position and attitude at t = ¢y.)
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The time behaviors of the system _ ret [Eg A rets [y
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Fig.8 The time behaviors of the two vehicles during the
process of achieving consensus (From the top down:
configuration (position and attitude angle) in the space
frame; relative configuration with respect to the body
frame of first vehicle; velocity in the body frame; control
in the body frame. From left to right: the coordinates of
the corresponding quantity in z-axis, y-axis, and attitude
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Table 5 Initial configurations and initial velocities of
vehicles
¥ 1 2 3 4
0,.(0) 0 0 0 0
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Table 6  Relative configurations at final time 1 0.00 —0.00 —50
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The state of the system
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Fig.9 Time behaviors of system’s states (From the top
down: Euler angle; position in the space frame; rotation
velocity in the body frame; translation velocity in the
body frame. From left to right: the coordinates of the

corresponding quantity in z-axis, y-axis, and z-axis.)
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Fig. 10 Time behaviors of system’s relative states with
respect to the body coordinate of the first agent (From
top to down: relative Euler angle; relative position;
relative rotation velocity; relative translation velocity.
From left to right: the coordinates of the corresponding

quantity in x-axis, y-axis, and z-axis.)
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The control of the system
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Fig.11 Time behaviors of system’s control in the body
coordinate (From top to down: generalized torque; and
generalized force. From left to right: the coordinates of

the corresponding quantity in z-axis, y-axis, and z-axis.)
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