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Position Control of a Planar Three-link Underactuated Mechanical System
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Abstract
active (PAA) under-actuated mechanical system with a passive first joint. Firstly, a mathematical model of the system

This paper presents a position control method based on model reduction for a planar three-link passive-active-

is built, and its integral characteristic is analyzed. Next, the partially integrable three-link system is reduced to two
completely integrable two-link systems by the method of piecewise degree reduction, and the state constraint relationships
of the system between the active link and the passive link can be obtained based on the two subsystems. Then, the
target angles of the active links are calculated by particle swarm optimization (PSO) algorithm according to the target
position of the end of the system. Finally, the controllers of the two link subsystems are designed respectively to achieve
the system control objective from any initial position to any target position. Simulation results demonstrate the validity

of the proposed control method.
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X TP R BREIH LI R ZE, Luca 5060 $2H T/
B 3 =) 3 AT 45 P (Small-time local controllability,
STLC) Hlm 454, FFd it SLBE R T 58 5 A
B P AF R IRBI ALK R 48 (CF 10 Pendubot)
PRl ar k. I STLC e &, SCik [7—8]
i FC 1P Pendubot (U8 F 00 PR A 1 1)
Mahindrakar 21 37 T 55 = 345 b 4 3h 111 =
EH (Passive-active-active, PAA) KIKB) RL 1 fE
k) SCHR [10] 7EReF PR B S5 Al e T ol
(PRI ). N IR SCER AT CUE ) BIASEXS T )5
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F R FE K °F 1l Pendubot R4, #2458 X fe LRk
FEVH R BD, TR SELR SRS F .

B RN T I KB R g, A
WAL STLC e 4 M, HAR e 42 1 LL P THT Pen-
dubot, [ Tl 5 PR X, 2 1 e A 1 X SRSt
T — M

Oriolo %1121 P [fi K UK )y 22 ¢ (¥ w] A1 43 P 0k
1T TR B, JFUEW] T 58— S 48l (1 -F i Py
RIS RS (Pl Acrobot) BA 564 AT R4 1)
Rt fefad et — OB 193 B PTAT g 2 2 T RTA
JEZHMAR KR, & T e R 5e. Sk [13] A1
Il Acrobot SE4 W ARIAFIE, 380 T2 Bk
(K11 Acrobot 12 #h#% U5 ik, HiZ ik AGE T
e R, AEAEE MR R

S R RSP I = EAT PAA RIKZ) R
g, A STLC HlE %A, HA R T —fhocH
ARG, A IR SRR I ST iR AN e AT, 2T
PAEWFFUR 5, ASSCE X P I =384 PAA RIKB) R
GUPEH — PhE TR B (R PR SR. E o, @ r
10 —JEFT PAA RIXS) R GHCARAL, Ty
YA — B e RS (B TR SY); Hk, AP
[fi Acrobot 5¢ 4 al B PAA RIKE) RS E 7>
IR P, K 80 23 Al AR =T R Gy BB R
WA 5 4 i BT PEEERT T R 48, XA T R G000l
BAT RIS S, SRAF RGBT 5 RIS 2
PR LR R R, DR RS, iR
P RGEA I 1 H AR BV SRS H AR A,
XEF A IER T RS, ot Ediles, KRS
MAT AR 7 B B R H b i B R4 H b, 7 5
25 SR IRIE P B 47 T SRS P A R

1 #AFRBSRASHEE

55— ST N BN B P T = IEAT PAA RIKBh R
G 1 Pros, Hobomg NE 0 JEFIN R E
(i =1,2,3), Ly A% i EMHPIKE (@ =1,2,3),
N AL BT R TR (0= 1,2,3), J;
N EA RS (1 = 1,2,3), 7 WE D R
EKa 3% (0 = 1,2,3).

it q = [q1, g2, g3] ", VI —IEM PAA RERB)HR
SAEVIss), RAEHGE E, HAE. EHRRZNH
B H R ECA

L(q,q) = K(q,9) = }qTM(q)q (1)

2
o K(q,q) WRERZRE q N REN ML,
M(q) J RS BIPER FE, B A I & PEFO FR v,
i I

&2 i 40 4
My, My Mg

M = My Myy Mog
M3y Msy Msg

( My = a; + ax + a4 + 2a3 cos go+
2a¢ cos(qs) + 2as cos(qa + g3)
My = as + a4 + az cos g2 + 2ag cos g3+
as cos(qz + q3)
M3 = a4 + as cos(qz + g3) + ag cos qs
My, = My, (2)
Mss = as + a4 + 2a¢ cos g3

M23 = a4 + ag COS qs3

Mg, = M3
M32 = M23
Mss = ay

a; (i=1,2,---,6) ARGHEHSLL,

a1 = mil® + Jy + (ma +my) L
Uy = Jo + moly® + m3L22

az = (maly + m3Lsy) Ly

ay = Jy + msls?

as = mglsLy

ag = mzLlsls
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Fig.1 Planar three-link PAA under-actuated mechanical
system
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d [0L(q,q)] 09L(q,4)

dt 9q; 9q;
TS K

M(q)g+ H(q,q) =T (5)

=T1,1=1,2,3 (4)
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W, H(q,q) = [Hy, Hy, Hs|" R EF 15
BODMEGHERE, ¢ VARSKAMERL, 7 =
(0, 72, 73] SEIREN T FERERE,
Hy = —a5(2¢1 + ¢2 + 43) (g2 + ¢3) sin(qa + g3)—
as(2q1 + 2¢2 + ¢3)q3 sin gs—
as(2q1 + §2)Go sin gz
H, = asqi sings — ag(241 + 242 + ¢3)ds sings+
asg; sin(gz + gs)
H; = a5q'f sin(gs + ¢q3) + ae(d1 + 42)2 sin g

MRG ) )22 R (5), AT AR IKBIAT PR
LI REN
MGy + MisGe + Mysgs + Hy =0 (6)
RHL, AR P S IE R PAA RGN ) A
B, HT RG AR REE
EX 1. ZHRTTFE (6) MR Blor 402,
1) 27 F2 (6) Hh Ry 10 A i 4
2) BB O AR ARG R I
W RGEL R G RE (6), PTENE A 0, H
BB E q RHIMAEBEREE M(q) H, K,
RG] B 4 A
HNTHRAREMEELAR R, | AR
H, = M11(i1 + Mu(b + M1343 (7)
HFA(7), HFERK (6) "THE N

(Mi1Gy + Mn%) + (Mi2g> + M12Cb)+
(Mu3dis + Mysds) =0 (8

R 70 #8AR I3 T3 ik, % (8) M0 — ¢ SKEM

(My1Gy + Miaga + Misgs) ‘6 =0 (9)

Mgy + Miogs + Mizgs —nqg =0 (10)

Hrp

ny=[a; + az + ag + 2a3 cos ¢2(0) + 2a6 cos(gs3(0))+
2a; c0s(g2(0) + ¢5(0))]¢1(0)+
[az + a4 + a3 cos g2(0) + 2a6 cos ¢3(0)+
a5 cos(gz(0) + ¢3(0))]¢2(0)+
[ag + a5 cos(g2(0) + ¢3(0))+
ag cos q3(0)]¢3(0)

YA ¢y (0)
ny = 0. 3 (10) RN

Mi1Gi + Mioge + Mizgs =0

¢2(0)~ ¢3(0) #E A 0 I,

(11)

(1) T, P d IR AT A 0
BF, R DK BT A R A 8K Ok 0, MITTIA B R 4
1ERH bR, WR G EHRE R IR B M, =
[My1, Myg, Mys], WL (11) RISk M, q = 0.

EX 2. LRTFE (6) ME B 40102

1) 56— B S A AT

2) M, [RZA318) 73 A 72 6 ).

ESL2 AR L) AR M, 1E A
34T A=span{0,, 0}, HH 0, = [~ My, My;,0]"
O, = [—M1370,M11]T- PR RS [91,02] e A, B
HEFE A = (01,0, (01, 02]] ANiRE, WM A Sty
1, M
00,

—=0
g’ '

_ 96,
dq*

—2ag 8in g3

[917 02] = 92 =

2a;5sin(g2 + ¢3) + 2a6sing; M,y

—2a3sin ga — 2as sin(ga + g3)
WIFERE A AT 5108

det A = (M7))z(go. q3)
Hrp

Z(QQ, q&) = Mll(—2a6 sin Q3)+
M5 [2a5 sin(gz + gq3) + 2agsin gs] —
M3 [2a3 sin go + 2as5 sin(gz + ¢3)]

IR My Mo A1 My KIZHARAN 2’(‘]2,‘]3)7 HJ
3

Z(QQa QS) = (2&5(16 - 2(13&4) sin g+
(2a3a5 - 2a1a6) sin gs+

(2azas — 2azag) sin(qs + q3)

BB g = ¢ = /2 W, 2(q2,93) = (2a5a6 —
2@3@4) + (2@3@5 — 2a1a6), *E%ﬁ (3), EI%H

a5 — A3y < 0, asas — a10g < 0

Bl 2(qa,q3) < 0, 10 M2, > 0, FrClHERE A 1475124
INT, HEE A SRR, [01,05] ¢ A, 04T A AXE
PRIk, RGN A 5 — TR S5 A

Tk B Hr e A, P —OEM PAA RIRSIR
G —Mr AR e R R S, A ReEEOE T AR 15 2
RGHELWR KR,
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AATFIH I Acrobot 5¢4s ] BRI [ =
PAA RS 5 nl AR, R 2 n AR = AT R
G5y I B Bradb AT 45 ol %BJ/I\B%?’E%EEP*/I\EB@
TEM A BEANAS ) DT HE 5 40 v AR I =3B FF RSB
KA TE T B I PRIEM T R 4.

SR — M Bl RE o 4ERE S ARG A
AR WG T B AR R AT, $E A AT
FARER B HFRME; 7658 P Bedsflid #E v, diResE —
A EEA BAREAZR, F5— 5 AP RO 5 — R
F, 28056 —AF A1 BEIR ) H B

BT RGBT BERERY, 7EA B B, AP
[l Acrobot 564 A BRI, 1t 5 s E, 7
SRAFAN [F B B IK Sl AT 5 K IR Sl A 2 18] (1) £ B0 R
KA.

55— BEYE R AT RIAG ff RN A T AR,
I Matlab T H A BF7 BR AL int (), XL (11) i@
TR s, 15

—2ag cos q3(0)

q1 — Q%(O) = — /D, arctan F;—
a1 —\/al%— a4 arctan F; — %— (12)
fl(QQ(O))

qi (0) AR — M BLIIWILR ML, ¢2(0)
%ﬂ QS( ) I35 R 5 KRS AU £
D, =(—8azas + 4asag + 4aas + 4agag) cos g2(0)+
aj + a; + 4agcos®q(0) + af — 4a; — 4a3+
2a1a9 + 2a1a4 + 20904
G
sin go+/D1

E1:

G1 = (a1 + az + a4 + 2a4 cos g2 (0) — 2a5 cos ¢2(0)—

2a3)(cos g2 — 1) + 2a5 sin go(0) sin go

—2CL6 COS Q3(0) +ay —as —
o=

Gy
arctan B —

VD
%@
2
O B S AT A IR R H bR, B

G2 = Qaa, RGVIBIERILFEE BB, BB B
YERFER AT A EAN LA, (A FEA ] Matlab T
HA Aoy B3 int (), #FaX (11) SEATRUMSE, H
IR CS

2a3c08qag + a1 + as — ay

VD,
— f2(gs(0))  (13)

q1 —Q%(O) = -

arctan Fy — %

Hrr, ¢7(0) Ko FHAES B BUWAIIR AL, goa N
B AT HERA R,
D, = (4azas + 4aja3 + 4azay — 8asag) COS Gaq+
aj + a; + 4ajcos’ g + aj — 4a3 — dag+
2a1a9 + 2a1a4 + 20904
G
sin /Doy

Gy = (a1 + ag + a4 + 2a3 cos qag — 2a; COS Gaq—

E2:

2a6)(cos gz — 1) + 2a5 sin gaq sin g3

f= B 2a3 €08 qza + a1 + az — ay

T2 VD,

3 (12) M (13) 2000l o R BRIy S AN [F)

BB, o —ANIK ST A S R IR S AT # B 2 1A )

LRKFR. FETIXWA M LA RK R, 7] i 32 59K
BN IEAT I SE IR B R SRS E AR H R

3 REEHFRIBIRAE

X RGBT 5, 3l 43 2 T AR B 3R
BT 5 KRBT Z 18] () #1 B ROR BR. AT Bk TR
TR S, AEIRBNAT 5 KRBT Z 1) 1 JE 21K
KARMIEAE b, vH RGO i 20 H AR A7 B B 1) %
FEH R

N, AP =ER R g st (LK 2), R
JUART 75325, VIR R G oK iy s AR AR 55 2 £ 2 22 T) 1)
ZIRKAR.

K2, X Xo. X3 DA E— . A
K1F o ® ERRGE, Y, Yy BN —. L =
FAKAE y ftEE,I“EI’H”x1 : 63‘71']?3

arctan Fy

X1 =—sinq, L,

Xy = —sin(q1 + ¢2) Lo

X3 = —sin(q: +q2+q3) Ls
Y1 =cosqily

Yy = cos(q1 + q2) Lo

Ys = cos (q1 + g2 + g3) L3

\
FGE AR ity AR bR N
(X, V)= (X1 +Xo+ X3, i + Y2+ Y;) (15)
R (14) A (15), A
X = —sing, Ly —sin(q; + ¢q2) Lo—
sin (q1 + g2 + qs3) Ls

Y =cosqi Ly + cos (q1 + CI2) Ly+
cos (q1 + g2 + q3) Ls
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Fig.2 Structure diagram of planar three-link system

TEAF B B, 23 AT AE SRS AT A1 B 55 R IR S T
FREZ RO R, X (12) F15K (13) Fios. ¥
X (12) T @ ERAESE I Be il aa i, 1R
(13), W3 RGAEE I BREN ¢ 5 qo~ g3 MK
A, HHX (16) Hi1 ¢ ISR ¢ ¢ XA
LA, MR RGER A P MRS gon g3 210
EST T3

FR % 2R Ge oK vty o5 H b A& bR SR BRI AT Ff1 FE, A
T E Ak RGNS ) R . 6 i =R R
W R G, % BIL RGN K 2% B f A7
TE—E ML R, ASCRARL RS, SR
I IE ) 2K AR

b R AR R R A RGUREER
IEARKIIN I PE O R 2, A1 R T AR IR FE P AN
T 16 72 2 1) P TR B A DX kRS )y, f 815 31 4 ) )R
AR, R F R SEVE IS @ AR AESE 5
Yr 2= [ I8 8l T FE ok

v{(t +1) = wvf(t) +p17'1(gzj - Sg(t))‘i‘
P2T2(bj SJ (t))
sIt+1)=sl(t)+vl(t+1) (17)

;H\:'T' w 73? VH‘RE P1 %D P2 jj*ﬂi.? 1 ﬂ] T9
AT [0, 1] ZIAMBEHLEL, s (t) R ol (t) %R
RL7 IR B AGREE, g AR FAMERARALE, b
AR REM AU R, B OSAUG ER THHEf
bR S {BLEA T HEHT

PN R f = | X — Xg| + |V — Yy|. o,
X MY F7= 07 RGEA G 1 AR, W] 2R G K b s
ARBR L SR A FEA AR R AR B Xy AT Yy &
IR AR GEA N 5 H FRARHR.

WLV B BT AR 7 AR AN W T i 2 1) Y 11 e AT
DR ), BEIMAS 2 SRS FT ) H AR A 2. P M ]
PRAESE i 28 G8 A S s AR 55 391 58 AR 48 R i ol H s A
PR IRIEE B IR ZE 7E R AT 22 VG .

4 RgiEhlzat

HR 4 2 S SR S AT 1 H b A 5, 7EAS [ B 233l
FJit Lyapunov PR3, R G AE SR — M B i ILEE —
FEA1 FE IR 2 H bR A B, HEFESE =K D WA RS 19
il H by M 7E S I B &SI R A AL E s H
Fr.

ix T = [xla X2, T3, T4, Ts, xG]T = [qa q]Ta
MR GEBRY RPR A A TR A Ch
.%"1 = X4
.’i’g = XI5
T3 = T (18)

.C'C4 = ( ) + bl(aﬁ)Tg + Cl(SC) T3
&5 = Fy(x) + ba(x)12 + co(x) 73
L —Fg( )+b3( )7'2—"03(.’13)7'3
3 (18) mIsts gt b ) B 3K
& = (@) + gla)r (19)
:/H\:EP’ f(m) = [$4,$5,$6,F1,F2,F3]T, Fl\ F2
MOF; ARG B R L [Fy B )T =

—M~'(q)H(q,4), 9(x) = [9:(), 9= (®)]", gr(2)
40 1 3 BreE,

0 bi(x) c1(x)
g2(x)T = [O ba(x) co(x)
0 bs(x) c3(x)
HH by bas by e~ o Rl cg T o AELMERR
.
4.1 FE—M TRt

MG SR . ZIRENAFIY Lyapunov pREL, 4ERFER
—HFRIER S FEANAR, SEBILAS AT A B 45 H .
Al 43 Lyapunov BREL Vi Al Vs,

T=M"(q)rT

1 1
‘/1($) — 5({1,‘2 — xzd)Q + 51‘52
1 1
Val@) = las - m(0) + x? (20)

P, zag = qoa, 3(0) = g3(0). 730 Vi Fi Vy 3K
3, 4B RGRES TR (19) W]

Vl(w) = 5(x2 — Tog + Fo + baTo + €a73)
Va(a) = w(ws — 23(0) + Fs + bs7o + c375)  (21)

s L3, W ORIE RSSO RF S Sl IS (4
iEE > aa s

Ty = (—y + Toa — Fo — M5 — 627_3)b271
T3 = (—x3 + 23(0) — F3 — Ayxg — 1737'2)0371 (22)
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2, WHCN N BT 0, R eSO B
HSHY, TR A 3 o 2 5 1), ORAIE by FH ¢z KT
0.
3 (22) MR HIEGRIE T R RIS PR :
Vl(w) = —)\13352 < 0
Va(x) = =Xz < 0 (23)

T A A Lasalle ANV B, UE#I2A (22) 1)
P AT S R G I B R H bR, EsEg
AL 2 L.

EX 3 (FETE). ¥ x(t) WARS (19) i,
RAAAE—MES Q, 152 2(0) € Q WA =(t) €
Q, Vt >0, AR Q HRG (19) AL,

EH 1 (Lasalle AL MHFRE). WK Q ARG
AL, & = {a(t) € QVi(z) = 0, Vi(x) = 0},
W R @ g KAZE. WX T 2(0) € @, x(t) €
W, t — oo.

EH D NRE(19) V) () =0 M Va(z) =0
JRALIE I, M4 5 (23) PN 25 = 0 Rl g = 0, B
Vi () Vo () xo F1 g HBAHEL.

Mxs =0 o = 0 W, M (26), w50
gy = 0. %&F’ [F17F27F3]T = _M_l(Q)H(QaQ)a
MRPE (22) ) Hyw Hy F1 Hy, 143

Fi=F,=F=0 (24)
H X (19) mI4n
&4, 25, 06) = [F1, Fa, F3]" + go(@)T  (25)
puIIEES
g2(x)T = M~ (q)7 =0 (26)

DRI R B Mo 0E s 1, MR L (26), A 7 =
0 mn nT=0 Kr=[0n " =0 RKAK
(22), W13 E] (29, 23) = (224, 23(0)). RAEMERA
BEEW N (19 3 x5 26)T = [T24 23(0) 00]T, B}
KHA (22) #Hldy, RELI T BrES H
.
5 Tl SRS AN B — B Bl N B8 B B D)4 45 1
1) |7 — moa| < ey, |25] < e
2) |xs — x3(0)| < ey, |zs — 26(0)] < es.
o, eq Fley HBU/MIIESL
TERGHE — B Beas i, 56 = FF # B2 F0 A Ja
E—HAEFEWIGAE, B 23 = 23(0), 26 — 26(0) =
Orad/s. DAL, U045 1) S a2 I, 428 i) SR s gk
Pl 25 B

4.2 B ERIEHISRILIT
55— B Bz s iR, 2 mIiEss — . =
Y Z AT H) Lyapunov pR%, 4ERFEE A0 HAR L,

PS8 AT AL B0 bR A B, SR G H
b
T }Ji&E Lyapunov BRE Vs F1V,

1 1
‘/:;(w) = 5(.%‘2 — $2d)2 + 53352
1 1
V4(w) = 5(3)‘3 — §E3d)2 + 53762 (27)

Horp, waq A=A HERAEL. 20500 Vs 1V, 3RS,
Jraia RGURE R (19) /IS

Vé,(:c) = x5(1y — Tog + Fo + baTo + ¢273)

V4(ar;) = x6(x3 — T3qa + F3 + b3ma + c373)  (28)
Wt B, AR UE RGELASRFESL, 5 ATl
(earaa ]

Ty = (=29 + Tog — Fy — M5 — o73)by "

T3 = (=23 4 T3a — F5 — Ao — bsma)cz™' (29)

2 (29) MIFEHIHRIE T R R SIa A o :
Vd(ar:) =-—\z52<0
Vi(x) = =Xz <0 (30)

Va(z) RV, (x) BEG0E, Va(x) =0, Vi(z) =0 4
HANH 25 = 0,26 = 0.

55— B o #E2ERL, FIH Lasalle A4
'IEJ/JE\IE, At — oo Hﬂ_, Ty = Toq M T3 = T3q.
[T9 T3 5 T6)T = [w2q T34 0 0]" N RGHE B
AL, SRS (29) #H0I4s, WIS RS —
B B sl H A

IR BT A B 53 AR e AE A O H b A B, AR
Pl (12) 120 (13) AR R, By LIl 7 RIKBh
FA R, B 2SI R G B H b,

5 RBPHEMR

AATFIH Matlab $#5# RGHA JFevh KRG
TS HOIAT O B ST, B UF FiR i bk, i
PAA RIXEN RGBT S HOE PN 1 s,

F 1 PFH=EMN PAA RERAISHL

Table 1  Model parameters of planar three-link PAA
system
i mike)  Lim)  L(m)  Ji(kgm?)
1 1 1 1 0.08333
2 1 1 1 0.08333
3 1 1 1 0.08333

B R GAE KN 0.001s, &+ 1085
q(0) = [0,0,0]T H.#&H+F % 4(0) = [0,0,0]T,
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Fig.3 Simulations for position control of planar
three-link PAA system
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