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Variational Approximate Inference Methods for Graphical Models
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Abstract Graphical models bring together graph theory and probability theory in a powerful and compact formalism

for multivariate statistical modeling. They have been successfully applied to a wide variety of fields, including computer
vision, natural language processing, and computational biology. Probabilistic inference, such as finding the most probable
assignment and computing the marginals, is the core problem to be solved in the applications of graphical models. In
this paper, a detailed survey of the achievements on variational approximate inference methods obtained in recent years

is presented. Besides, a discussion of future trend on approximate inference of graphical models is given.
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Fig.1 Illustrations of graphical models
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Fig.2 The illustration of a factor graph
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IRBE T AR
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R R SR AR (1 58 5 oy 2 110 PRSI () 4 38 ) 500 i
b, B4 B AT R IR 45 0 B R ik S B R AR A
WAFAEAR S FE RS A HE S 5. Wedss UEBH T 75
IR IR IS AT A5 FEAL R S T LA 31 5 K
AR R 45 B B0 Kolmogorov Z5iFE W] T % F1K
8 (Submodular) H tfig, TRW (Tree-reweighted
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A5 XTG5S R 1 HIRE 025, 3L
oo, T A T2 A8 T B ANIBE A L5 05
HE . AR 5 A DL 25 A B B I 752
5 030 B 0 2 AL £ HR AT A R A 2,

AR IR
. o (xst) Pst
4@ =] o) <Q)
sl;\[} (31118 ds (xS) qi (:Et)
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M p, = 1. Wainwright 532 H HIB 2% 17
g — M R BOE L, AT 0 < py < 1 A pg
= 11481, Wiegerinck 254 Hy—Fh o $f5 BEAL 3 51k
(Fractional belief propagation, FBP)16! % 7y [#
JE ps = 1, RGN PR (Linear response
theory) KAAL pgr, TG RNZ P04 HILTBAZS .
Meshi %5451 T 240 p A A g™ 1 2 T8 1)K &,
T A1 () 2 2ot ™ BT A 2 S5
A 1010,

Ha — 1, Ha #BUEN KL(pllg), R
H At > p(x)logg(z). Minka 7EIX 7
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pectation propagation, EP) Fl7%E 1] 22 4% #& 5 7%
(Power expectation propagation, PEP) %1z Ik
B 3159611,

MNa—0Ma— 10, o BUER IR R A X
e, X R A i g, I B g .
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18, PUALIGIN TR o BORE LU T, LA, X o HUCHAth
HIN R o BOBERIWTTTEL D, 1] 3 Hah T 1L it %
e i PRI AT AL 5 V.

422 BEMR

SR CR S B e i e BRI
PEBE DA OC, BFFCN DL AR A B A 1 ™ (1) 1 ER A oR 2K
KAG B LR LF IR . Heskes $&H T 382k
ZYH ™ AER T8 2 4 AT 59 Pakzad S54E
T 5 22 A FUE I 9 (0 78 4 4 1E 627931, Meshi
PR T ML Bethe H H BRI 7L, 24
5 Bethe H A8 S 00E & 5/ ™Y B RE R AU
Bethe H Hifig, HISRAF LT PRl ) H149):

min [|p — p (Bethe)||
P

Hrb 28 p Wit H BRI A1, AR RCR S
TRW J5 3L (L s RAT L.

¥ i 38 %
p,=1 |HMF.sMF, |
— p,= 0 F—{BP,LBP, |
0<p, < 1}—TRW,FBP, -]
a1 p,= b sz |
EP |
p,= 0 sernz |
0<p <1}— PEP |
a0 o= it [ worsz |
p.= Hfth
a= Eft Rk

3 IAGMEAIETTIER AN
Fig.3 The generalization of approximate methods for

computing marginals

WS IS SRR S 1) — N
LRE, AR EMEE N B e, HSAEERA—E
e Tatikonda SFUEH] T 243 54 | Gibbs AF
HPWSO, LBP SAFFARSL, Jf4aith 7 LBP &
SR 78 43 44164, Thler ZEWF5T T 15 BEAL R %
(R 22, JREn T HUSCR [64] SE BRI 4 165,
Heskes 2 T W5 % (Double-loop algorithm)
Sk AR A A 1AW SICPE RO, 2 7 vk S T e KA Bk
(Expectation-maximization, EM) L EARSLIL. B
WA AEEGE H T 38 VA1 A R SR A A% B A5 AR A
BEEVEAE DU 37 I e ey Ui S i 1SS, Meltzer 44
TSR AR A R SR I G M — B — Sk
At T (Tree-consistency bound optimization,
TCBO)ET %7kl LLHAZhSCR [40, 50, 68—69] H1
(IR HE R B35, Hazan 5538 i #4318 ™ H 1 AR 42
TP AL IR AL T A A 5 1 S0 A AT
EEHRER A TR B2 ) EA. B4R Bethe
B aE e R, B i TR RBCR A, IR
WG S M WSO S0, A9 T e A B
(Concave-convex procedure, CCCP)[ i1 414 Hf
#57): (Conditioned probability, CP)™.

IR AR AL R B R R ) 45K
H5ZHOLRMK. —RNE, LS8 p WL A
(Valid)” 4 fFIAT A R E LS4 p TE AN 1)
EAHCREF. MR Z AT, HECARD A b gEREE
WS, ™ A B RE AN SRR 23 49 3 L A I 1R 3
BIRCR.
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BT 41 7 S S il il (130 B SR A U5 i, 4
AL GRS B KA GRER. RN HITA A
I MERARAS (MAP) ] 85 (1 3 Bl 8L 26 A1 7 3%,
N E LA MAP U BRI R U

51 MAP @@ 50%#FR MK R

HAR MAP I i 5 00 25 M 2 1) i 1) 30 AL i AN
[, HEAIZ WA S VI &R, B DR —A4 4¢
— RS T R AT
% 6, (xt) = —logy (wt), O:s (xtyxs) =
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sEV (s,t)EE
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THEIAGREE ) B B FITHE MAP [0 81 A
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A2 T WA MR AT 10 H (g ()18, BT

KL (qllp) =
— a(@)logp(x)+Y_q(z)logq(x) =

T

6,q(x)) — H(q(2))

Hrr) (0,9 (x)) 10,9 (x)) Z5FMH). Meltzer &5
W BIASET, EIX WA HRELE— KR R 67

F(q(z))=(0,q(x)) —TH (¢ (z))
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) (10 30 AU B A9 3K T LA i T B2 1 fr) 4 A
DGR AKX P RERAFFS () #hskik
#55 (max) BT 453%] MAP i) B f0 85 AU 91 5505
KR, FATAHEN ST MAP a8 HAAR%S 5 iUz AL
T A
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)R (16) A2 AP0 A sl S ot il i, G
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(16)
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26 P B K #4 5t (Linear programming relax-
ation, LPR) J7 k&%) a8l (16) )£ o s 1 2k
AP A T

in LP =
i R(p)
Zos . ,LLS (l‘s) + Z ost : ILI/St (;Us’xt) (19)
SEV (s,t)€E

oA R B 5E U £ (G) S e PRI 8 1
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BRI R R B R S 5 24
SRR (AR MR/ %, Sl R I8
VA 189 ke AN R L 1 — B 24 it ol LA 51— 5 51
HOR RS I 20 5. 0 B K P e 5 A RS
to 1, TRARIBLRRR N t BRI, FR
L, (G). REB-KLHZ 55

Li(G)DL,(G) DLy (G)D---D2M(G) (20)

A MAFRZ PO R, 4R -2ty
WX () B wE At AR E BRI, ¢ Bryy
WL, (G) BIRTGRAE IR . () Wi 56 12 5
SRy AN R P B v g K 5 A ) AR i H
D81, IR IR R A 1. 2 MR St S 1 e T
DAPH 2 M R0 ) BEAE o B D7 VAR A ok, 18 4n B Al
(Simplex method)*™)| Py £ (Interior point meth-
ods)™=76 FIfEERIS (Ellipsoid method)™. 4R,
L ML IR 5 V5 I A 78 70 M B R &5 R ok
X DR F R 5 el 1R e 34 ) R, 2 ) 6T 5K B
IO i AL, AN PR 2t 43 1 S i) 2L ) S ABL A

K4 4 S AARR i — S A doRE B (PR
DIk MM AR SR BUEZ I B R X I L e )R
DR MR R 2 R AR R st BRI — B2 )
Fig.4 The illustration of the marginal polytope and the
local consistent constraints (The dark region M denotes
the convex global constraint, and the combination of the
light and dark regions L and M denotes the local

consistent constraint.)
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KlAa st RIm AL, — JORRIAR st AR S5 MAP 1]
SR EARAEAR R, BRI, O RIAA 5t 75 AR v H bR
BRI 1 ), AH OGAIE ST T AE DL SR [78—81].
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(1 — AN, THI R AN S5 2R A B

min E (6,z) = min Z E (0C",xci) >
’ =1 oo
Y minE (0Cf,xci) (21)
cec@) ©

Hrp, C(G) 2EGIRE G —R5TEIMES,
E@%, 2%) A XETE C B MRF AHas. 4
F(6°) = min F Gci,xci
()= >0 mins (0%
Mo FO°) 25K MRF HHBER—F 5, #h
ST R RSB R F bR i AL F(6°), B3RS
BEM A, B

max F (0c> = Z

min F (Bci , xcl)
zCi
)

cieCc(G
st. 8¢ e@8c (22)
Lk, ¢ =S¢ LRI, & X
0 =16 > 60 =6, > 65=0.,
C.€C(G) C,€C(G)
(23)

PR, %L R R A 2 5 BT L 2
B T IR BRI S5 W 0° € ©° [
SRR N RIS 5 0 1) E S 51k (Reparame-
terization )% SN 4k (Equivalent transforma-
tion)!82.

A 3 g B A Ak Tl R T DL 6 iR 46 )
i FH H7 4% B H a2 (Lagrangian relaxation) #f
S b Z Oy kiE R G NP B H e T (Lagrange
multipliers) $45 29 A 0 A 1) 848 8 6 20 i
il 2t JAl2h T R R MAP 0] /1)
SR SECE B S MORHE A BERT AU S A 4 B e 8, SR )5
INE A RIS 5t P £ S A 5 AL )R . 0 A )
FZE PRI AR 5 O R WK 5 Frzs. X T-RPIR 4544

(RIMEA BB, LP ot s 1R FE AR S 115 X 47
MR, TP a st 05— i b st 4 T AL fK) B SE i
N ABSE, T BATR RS SO R R, it — A
VB B REDL AL ) 8, LP o ith f5 (10 e RAE 55 1R
U T Py B AL, B GRSl 1y 52 SR 1K) (Tight )83,

ey

N 2r sk 78

K5 s LP Rt ORO6 ) o8 3R
(Forp LP 25t A3 21 J5UA AN R A, X s LP 2
ot (1 B DL A AH 55 )
Fig.5 Relations between primal problem, LP relaxation
and dual problem (The LP relaxation is a lower bound of
the original problem, and optimal values of the LP

relaxation and its dual problem are equal.)
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531 WA ZE
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(Outer-planar graph) 7E 24—/~ 887, thah,
Yarkony i FH—f7 T M (Covering tree) Kbl
JEAR A A EIBAL, U] T X B i Tk S TR
Py A EEl

B [1) 73 i T X TFAS e SRAFAR 4 13 LR,
PRI I 75 BRI 9T 22 b o0 fift 7 SNk 5 I D7k, 2R ok
JELRR S R AR L g (1 s 388 ) v B £ T ) 43
fit e fift. Sontag e T3 —E L K (Cycle
relaxation) [P £ A3 0 7572890 AT ks — B
J— AW Ly (G) HEA T 7,5 (5,25, 2,
o) AR BRI AR R B[R — 3R (cycle) E,
ZITIEIE B R — B AR (P A sth. Werner 42
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