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Gaussian Processes Classification Combined with Semi-supervised Kernels

LI Hong-Wei* LIU Yang! LU Han-Qing® FANG Yi-Kai?

Abstract In this paper, we present a semi-supervised algorithm to learn Gaussian process classifiers, which is com-
bined with nonparametric semi-supervised kernels in the presence of unlabeled data. This algorithm mainly includes
the following aspects: 1) The spectral decomposition of graph Laplacians is used to obtain kernel matrices incorporating
labeled and unlabeled data; 2) The convex optimization method is employed to learn the optimal weights of kernel ma-
trix eigenvectors, which construct the nonparametric semi-supervised kernels; 3) The proposed semi-supervised learning
algorithm is obtained by incorporating semi-supervised kernels into Gaussian process model. The main characteristic of
the proposed algorithm is that we employ the nonparametric semi-supervised kernels based on the entire dataset into the
Gaussian process model, which has an explicit probabilistic interpretation, and can model the uncertainty among the data
and solve the complex non-linear inference problems. The effectiveness of the proposed algorithm is demonstrated by the
experimental results in comparison with other related works in the literature.

Key words Gaussian processes, semi-supervised learning, kernel method, convex optimization
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T X FFHLEAML (Support vactor machine, SVM)
(1) Margin ¢, 3510 F) F R bR 2 52 m Ly 38
TR A7 . SOk (1) PR A TR AR, E g A
e b RS B0 A R 2R A Y (Null-category noise
model, NCNM), $&H T —Fp ) 1) o0 B 2 21 T
12, NCNM B ZE A F— P “MER Margin”, 25401
T HEA LR M EHL (Transductive support vector
machine, TSVM)10 J73k ) Ge65 4 R &k & JF
FlE it . Rogers 7E3CHR [4] H R H 2 DRk
# (Multinomial probit) 44K B £0U% it NCNM 4
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clustering) J7012 SR HIHE A BB H AR,
% (Diffusion kernels) 7513 SR I8 HU% A% o8 4,
E kLI (Gaussian random field) J792:M R
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A) A ] g SCREAEAZ A KRR 27 TH]. Sindhwani
FESCHR [15] Fhfe ok 1 Pt v 307 45 44 1) 2
B, BIFAEA /RAFE 2 (Reproducing kernel
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(i) ) 50 P20 R 0l 248 20 G e e 3 — A 1) 15 A%
BR B, DR DR R T K 22 B R O K B, S )
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Horry f, ARENR R, m i R s AL
e f(z) I RRE m(x) RO T 25 R A (1% R 50
K(x,2') KAk

f(x) ~ GP(m(x), K(z,2')) (2)

Forr, w; ABENIASR, BIMERECN: m(z) = B[f (x)],
PRr 22BN K (2, 2') = E[(f(z) —m(x))(f(z") -
m(z))].
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ply = +1]f(z)) = (f(z)) (3)
Hrh, @ KECH S B (Sigmoid) KeREL, 514 1Y
(Logistic) B #E ZAE T (Cumulative Gaussian)

HI R4 S W AE BRI, U I 3l 2 A A

SLI, ABAR eR ERT LUfA
l+u I+u

p(ylf) = Hp(yz|fz) = H‘I)(yzfz) (4)

ditr RS R p(f) MR EEL p(y|f), WTEL
(EELVEE Sl
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(ylf)p(f]X,0)
p(y|X,0)

22 WA 5y I, WEAERREL f () MR

p(fly, X,0) =2

()

p(fily, X, 0,2,) = / p(filf. X.0.2)p(fly, X, 6)df

(6)
JIT L4 8 A A 2y BOSEAR TN

p(ly, X,6,,) = / Pl fp(foly, X, 0, 2)df, (7)

AR AL, R T g e il i e R S SR K
A KSRy B S RAE BB f () T DA e R S R,
PRI o P > LU bR B (B0 Sigmoid SR %)
DR AR LW G 2R, e 2% S DU it o (0 2
.
1.3 FHMsIE

A AR e T e R A D — o AU, SL IR R
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Fig.1 The graphical representation of Gaussian

processes in the discriminative framework
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2 FEEB&
2.1 RKHS $5E#

s e — MR X = {X,, X, }, BT b5
TERUE g G — AN 2 268, T BB @ s
P T DU i A 2 TR

J = argmin {; Zc(ﬁ T, Yi) + Q(Hf”?—t)} (8)
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WL P IA E # (Representer theorem )7,
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X} AT A G =V, B}, TSV
A T MBI, TSR B AR T B S
AR, A BCERE W= {w,;} Ak &4
Ko R R B, B K 1 2, 2y AR
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W, W BRI L A5
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TE R L 41 8% -1, 25420 (18) ARe kIl
HARREUE o M REL, X157 St i 2
I8 BB AAUAR IR AR BT 5 S AR AR L, AT A%
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W K, N T el BEME 48 e b A7 43 AT 55

3 FEFMEBZNESEEESE
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Fig.2 The graphical structure of Gaussian processes

combined with semi-supervised kernels
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K, FHARAGC(15) Hakf3dE S 5t RKHS b
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4) B R B K SR (7),
BB f~GP(0,K) W K, FIH &
W # o R EEAE v TH S A RS ) S bR T

M. BRIegs 620 (4), (5) F(7) A4k LR B
p(fI1X, K f V10, K) H wf)  (22)
(| X, K) AT

pluly, X, K z,) = / Pl )p(fly, X, K 2)d
(23)
WA (4) FTRBLITBUARE p(ylf) R0
#& Sigmoid A%, BTS040 p(f|0, K)Nﬁv%/ﬁﬁ
B, BAER (22) RS p(f1X, K) BLE
3 (23) PRITI AT p(y, | X, K, 2y) ToikiB L f# T
SRAR. DRAEREAT i Ur i R 00 SRS I (1) 0 S AR
J AT BRI EL SR B0 40 A p(f| X, K) Wit
A ERE HBE S 82045 q(f|X, K) = N(f|m, %)
RS, Fl kAL 56 0 A 25 IR A s ) 1
ARLTIEI 3 A7 . AL = 07 ) 56 A AR 22K (6) Hr, AT
DLAS BV AE pR B f A IR B 0T 2, 1 BLS 36

a(fly, X, K, 2,) = N(filps, o), FA (R 20
TR :

=k K~'m (24)

02 = k(zy,2) — kN (K" = K 'SK Yk, (25)

Horp, ke 3R EAE o, SIIGREERGE X K5 b
T ZERRBL kTR A Probit SR s%L, R4
P iy PRALAATIEI 73 A1 ] g R S5

al=+1ly, X, K, 2) = / S(f)N (il 02)dfy =

1

() e

FEA S, T TS 4 A q(f]1X, K) =
N(flm,2) WZH m X RHIHELERE (Expec-
tation propagation, EP) EfCH LR, EP &
VR 3 2 SRR AR B OGRS B i e A X
e ST ABLAR R BBOR U ALV 7 eR B f AR RS AR v S
5, EACE R PR H — A A (Kullback-Leibler
divergence) HiEPY BRI AL BRI UIER P
(RALLAR bR HECHR 2 X IV IR, (H T8 A A S R A i
S AT RE G, 1S EP HE TR A )G
BT ALh 73 A & 4 Jry 1 ).
3.2 BAERE

B0 b AR M B v T 40 R R AU S g Hh () &
HFAESHCERE &I REEN S, FiEE K
AL DA TREH B BRI 2 2] By B AN 7 T EAT I3k 1) 7
T Be: A3 MR8 K 5, TR 40E
(IR E A e, WA TTIRI LR AR O(N?),
Hrp N RoRNGRFEARSL 2) 22 M B 0T hrdE
BT, TR N x N R I,
A R 2 O(N?), (AR EP J5 ik
WATHE R RIS, (5 % R B 240 0), ik e %
HilE K HEA7 7R I (Cholesky) 4M, 735715
SR A N3 /6; X TP E m il ik, T s
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PREGE R T RIS o BIZErREL, 455 BRI AT
a; > 0, 15k 1) AR Sy — R J7 R R R0
Sl i@, FC P A AR ABORT AT Ze v R A LA,
RS — M O(N?), i G AU B i &
EIRFEE L O(N3) IRHFRBAT B e £, Hd A
BT RREA w45 73 S8 ) . AR — 28
AR, BRH IAT V50 B R R g
RO — BN O(Nlog N), XAt —2 1)
AR SN IE.

1M L, ARV e S AR AT B IR (2% %
BREI S H) 0T, TR AN [R] 6 B PR A s s
TEPEAN I A% pR R A, 1A B AR, Fr
AW R A S EAB R 2 Ch T S RE s (7] (1) 5 %
KAR), FARBCR WS AN SO A 2 B i i
LTG5 7% FE A% R BT, U3 B o6 AN [ 40 2 2
> FURPAIE ) 5 PR e DO A, AT 5 B v PR SRR .
4 I
4.1 SKIGHE

H T AR IR S ORI AL ) E I R Sy SR
(AR, A3 AT T AL, AEsh 41k
Kb R T YA B Y B A Bk 1 FR.
One vs Two i1 Odd vs Even H{ H Cedar Buffalo
TRECAEAEE, H T TS B HOIME S5 B
One vs Two H T RFE5HF “17 A <27, 4y
2200 M. s Odd vs Even H 02K F 518
HHEF €0,2,4,6,8” FIFFEELCT “1,3,5,7,97, %
4000 M 4dE. Pe vs Mac il Baseball vs Hockey HX
H 20 BT ZHEE 22, TS0 o0 2R 5% Bt e
Pc vs Mac {8 1943 N, £ F Baseball vs
Hockey L% 1993 Md. SEUGAE SRR AEFE RO
11, £t %2 One vs Two F1 Odd vs Even X J5lUfi%r
fIE R F BRI B, SRAS R EG R 29 fe 4B (Euclidean
10-nearest-neighbor, 10NN) K HiALE A T3 43 fi#;
B PE Pc vs Mac #l Baseball vs Hockey X i) #iidi
SCAS AR [r) R FH A% sk AHACL I U 6, 3R A 4% 5% AH AL
5% 521548 (Cosine similarity 10-nearest-neighbor,
LONN) A A 3% 20

Rl H S RO R

Table 1  The information of database on Experiment 1
Ha e FEAHL R4 REIESEHL
One vs Two 2200 2 Euclidean 10 NN
0Odd vs Even 4000 2 Euclidean 10 NN
Pc vs Mac 1943 2 Cosine similarity 10 NN
Baseball vs Hockey 1993 2 Cosine similarity 10 NN

TESS S R T = AN PR, Bl e
HRWIEE 2 Pos. G50c 9 N TP, FE dids

HEIE A0 A LASE MR B Coil20 455 20 SRR
32 x 32 MK KB, I HAES AR AL Uspst
I H USPS % /E, M+ T 5Ev P UiIMESS.

2 H TSI RO AR

Table 2  The information of database on Experiment 2
Rl e BT FEARL PRI REA S ERE R
G50c 2 550 50 50
Coil20 20 1140 40 1024
Uspst 10 2007 50 256

42 SWHERSH

FES — S5, 04— AN Edi B2y il 1E L 5
AN RANAN TR BRI iE B 4R, T Hicths I T30k, )4
ANbRECE S R 2 8 UL, BEHLAII 20 Pl 28
R, I AT B AR A VE O3, 2 ) e L)~
R L R i R 2028, e Je P 2 345 1 i
B B e o 5 23 2R VA AE BB 12 v HR T 28 1
N TGRSR L, Sei i R R T
PR, — MR 4 GAESHCE B s i R 0 2K
Sk (RIS R I 50, o — P ok 4 G bn itk
B RBF (Radial basis function) [l #2528
SOk, AT I E A 2 Sk, o RBE &R AR
jjZ5N

(z —2) " (x —

203 ﬁv @)

Hrr, 6, #16, 4 RBF %240, it i Kk
TR AR ER R q(y| X, 0)

K(z,2") =0, exp <—

4] X, 0) = / p(yl)a(f1X,0)df  (28)

wﬁﬁaﬂg?m,*ﬁ%%%RBFﬁéﬁehﬁ
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# 3 One vs Two HHRAERT-BIEMZE (%)
Table 3  The average accuracies on the One vs Two datasets (%)
WG RN P E % (RBF)
ATV SCHR [11] J7ik SR GCRS TR 12 ATV SCiR [11] J7ik
10 96.1 96.2 67.2 65.3 85.1 78.7
20 97.3 96.4 81.4 85.6 91.6 90.4
30 98.3 98.2 92.5 93.4 94.9 93.6
40 98.7 98.3 95.6 94.7 95.6 94.0
50 98.9 98.4 96.9 95.9 97.1 96.1
# 4 0Odd vs Even BIEENFHIERZH (%)
Table 4 The average accuracies on the Odd vs Even datasets (%)
AN R B (RBF)
KRILTgVE SCHR [11] Jrik S YRS e TRy 72 A3 TgVE SCHR [11] Jrik
10 69.7 69.6 62.7 60.1 69.3 65.0
30 83.7 82.4 80.4 76.3 79.6 7T
50 88.2 87.6 85.2 82.6 83.6 81.8
70 90.1 89.2 87.3 85.3 86.4 84.4
90 92.6 91.5 90.1 89.5 87.2 86.1
#*5 Pcvs Mac N FEIESH % (%)
Table 5 The average accuracies on the Pc vs Mac datasets (%)
HEZ SN P B % (RBF)
ATk Sk [11] Fik LTk T BE N LT V5 AT SCER [11] Jrik
10 87.8 87.0 55.2 53.4 54.9 51.6
30 90.9 90.3 75.7 72.6 65.4 62.6
50 92.2 91.3 79.3 77.2 70.2 67.8
70 93.4 91.5 83.5 80.7 76.8 74.7
90 93.6 91.5 85.8 83.2 81.2 79.0
# 6 Baseball vs Hockey ZR4ENI P EMZE (%)
Table 6 The average accuracies on the Baseball vs Hockey datasets (%)
PRI A% % (RBF)
ATk SCik [11] ik R Tk T RELER T 1 ATk SCHR [11] T7ik
10 96.2 95.7 61.2 59.4 60.2 53.6
30 98.2 98.0 69.9 68.7 72.6 69.3
50 98.6 97.9 77.5 79.6 80.4 7.7
70 98.8 97.9 84.1 85.3 85.5 83.9
90 99.1 98.0 90.4 92.6 89.7 88.5
BT BMIRHIIPRIE (%) HEAEh 32, $TF M2 ST, MG 3 R,
Table 7 The average accuracies of the results on ZIKI% H 4542 Hﬁ%f%%,ﬁﬁﬂﬁéﬁﬂg‘% R

Experiment 2 (%)
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